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1 BBEJAEHUE

BaxHyl0 yacTh TE€OpPETHYECKON U MpOo(hecCHOHATBHONW MPAKTHUECKOW MOATOTOBKU OOYYarOIIUXCs
COCTABJISAIOT MPAKTUYECKUE 3aHATHS.

CoctaB u cojaepKaHME NPAKTUYECKUX 3aHITUN HampaBieHbl Ha peanusanuio PDenepanbHOro
roCyJapCTBEHHOT'0 00pa30BaTEIbHOIO CTAaHAAPTA CPEAHEr0 NPOPECCHOHATBHOIO 00pa30BaHMsL.

Benymieid  qumakTU4ecKOM — IENbI0  MPAKTUYECKUX — 3aHATHH  sBisieTcs  (opMupoBaHue
poeCCUOHATBLHBIX NMPAKTUYECKUX YMEHHUH (YMEHMH BBIOJHATH OINpEJesIeHHbIE JeHCTBUS, Olepaluy,
HEOOXO/JMMBIE B TOCIEAYIOUEM B MPO(ECCHOHATBLHONW NEATENbHOCTH) MM Y4eOHBIX NPAKTUYECKUX
yMeHuM (yMeHM#l pemare 3ajaud [0 MaTeMaTHKe), HEOOXOJUMBIX B THOCIeayroled ydeOHOH
JESITEIbHOCTH.

B coorBerctBHM ¢ paboueld mporpaMMoi yuyeOHON AMCIMIUIMHBI «DJEMEHTHl BBICIICH
MaTEMaTHKU» [IPEAYCMOTPEHO ITPOBEIEHUE PAKTUYECKUX 3aHITHH.

B pe3ynbrare ux BBIIOJHEHUS, 00yYarOLIUics JOIKEH:

ymembp:

- BBINOJIHATH ONEPALMyU HaJ MaTPULIAMH U pPellaTh CUCTEMbI JIMHEHHBIX YPaBHEHUI;
- NPUMEHATh METOJbI JUPPEPEHLINATBLHOTO U UHTETPAIbHOTO UCUUCIICHHUS;
- pewarh quddepeHaIbHbIe ypaBHEHUS.

ConepkaHye NPaKTUUECKUX 3aHATUN OPUEHTUPOBAHO Ha IOJArOTOBKY OOYYarOLIMXCS K OCBOEHMIO
po(heCCUOHATIBHOTO MOJIYJISl IIPOrpaMMBbl IOJTOTOBKH CHELMAIUCTOB CPETHErO 3BEHA M0 CHELHATBHOCTH U
OBJIAJICHUIO NPOPECCUOHATIbHBIMU KOMNEMEHUUAMU:

I1K 1.2 - . BeimonHaTs TpeGOBaHMs TEXHUYECKOTO 331aH1s Ha POEKTUPOBAHKE LIM(PPOBBIX YCTPOMCTB;
1K 1.4 - OnpenensaTs moka3zaTeny HaIe)KHOCTH H Ka4eCTBA MPOSKTUPYEMBIX II(POBBIX YCTPOUCTB;
1K 2.2 — npou3BOIUTE TECTUPOBAHUE U OTIIAKY MUKPOIPOLIECCOPHBIX CUCTEM.

A Taxxe GOPMHUPOBAHUIO 0OUIUX KOMNEMEeHUULIL.

OK 1. IloHnmarh CyIIHOCTh M COLMAIBHYIO 3HAYMMOCTh CBOEW Oymymiell mpodeccuu, MposBiIATh K Hel
YCTOWYMBBII HHTEPEC.

OK 2. OpranuzoBbIBaTh COOCTBEHHYIO AESATELHOCTb, BHIOMPATH TUIOBBIE METOABI U CIOCOOBI BBINOIHEHUS
npoeccuoHabHBIX 33/1a4, OLIEHUBATh UX A3(PPEKTUBHOCTb 1 KaYECTBO.

OK 3. [IpuHuMaTh peleHns B CTaHJapTHBIX M HECTAHAAPTHBIX CUTYALIUSIX U HECTH 32 HUX OTBETCTBEHHOCTb.
OK 4. OcymiecTBnaTh MOMCK U UCTOJIb30BaHKE UH(OpMALK, HEOOXOIUMOM JUIs 3P(PEKTUBHOTO BHITOTHEHHS
npoecCHOHATIbHBIX 33714, MPO(ECCHOHAIBHOTO U JIMYHOCTHOTO PA3BUTHSL.

OK 5. Hcnonb3oBate HMH(OPMALMOHHO-KOMMYHHMKAIIIOHHBIE ~ TEXHOJIOTMM B IMpodeccnoHaTbHOM
JEATEIbHOCTH.

OK 6. Paboratb B KOJUIEKTHBE W KOMaHze, 3((GeKTHBHO 0OIIaThCs € KOJUIETaMH, PYKOBOJCTBOM,
HOTPEOUTENSIMU.

OK 7. Bpatb Ha ce0si OTBETCTBEHHOCTh 3a pabOTy WICHOB KOMaHIbl (IIOYMHEHHBIX ), PE3YJIbTAT BHITOTHEHUS
3aJaHuH.

OK 8. CamocCTOsITENIbHO ONpeneNaTh 3a1aud NMPOoPEeCCHOHATBHOTO M JIMYHOCTHOTO PA3BUTHS, 3aHUMATHCS
caMO0Opa30BaHNEM, OCO3HAHHO IJIAHUPOBATH MOBBIILIEHHE KBUTU(PUKALIUH.

OK 9. OpueHTHpOBaTHCS B YCIOBHUSIX YAaCTOW CMEHBI TEXHOJIOTHI B MPO()EeCCUOHATBHOM AESTEITHHOCTH.

Brinmonnenue o0ydJaronuxcsi NpakTHYeCKUX paboT 1Mo y4eOHOM JUCHUIUIUHE «DJIEeMEHTHI BBICIIECH
MaTeMaTHKU» HaIlpaBJICHO Ha:

- 000011IeHNE, CUCTEMATU3ALUIO, YIITyOJIeHUE, 3aKpEeIUIEHUE, pa3BUTHE U AETATU3AIMIO TOTYyYSHHBIX
TEOPETUYECKUX 3HAHUN IO KOHKPETHBIM TeMaM Y4eOHOI THUCIUIUINHBI;

- (hopMUpOBaHME YMEHHUH MPUMEHSATH MOJYyYCHHbIE 3HAHUS Ha MpAKTHKE, Pealu3aluio €IUHCTBA
MHTEJJIEKTYaJIbHOM U MPaKTUYECKON AESITeTbHOCTH;

- (opmHpoBaHHE U pa3BUTHE YMEHH: HaOIIOAaTh, CPAaBHMBATh, COIOCTABIATH, AHAJIM3UPOBATH,
JenaTh BBIBOABI U O00OOIIEHHE, CAaMOCTOSITEIbHO BECTH MCCIEIOBaHMsS, MOJb30BAThCA Pa3IUUYHBIMU
npreMaMy U3MepeHuit, opopMIIATh pe3ynbTaThl B BUE TaOIMIl, CXeM, IpaduKOB;

- BBIpaOOTKY MpU PELIEHUH MOCTaBICHHBIX 33/1a4 NPOo(eCCHOHAIBHO 3HAYUMBIX KaYeCTB, TAKHX KaK
CaMOCTOSITEIILHOCTh, OTBETCTBEHHOCTh, TOYHOCTh, TBOPUYECKASI HHUIMATHBA.

[pakTiueckue 3aHATHS MIPOBOSTCS MOCIIE COOTBETCTBYIOIIEH TEMbI, KOTOpas 0OecleurBacT HaINYUe
3HaHUH, HEOOXOTUMBIX JUIS €€ BBIIOJHEHMSI.



2METOAUYECKHUE YKA3AHUS

Tema 1.1. MaTpuusbl 1 onpeaeauTeu
IIpakTuyeckasi pa6ora Ne 1 BoiunciieHue onpeaenurelieit

Heas: popMupoBaHne yMEHHI BEIYUCIATH ONPEICTUTEIIH.
Bbinosinus padory, Bel Oyjaere:

YMETh:

- BBIYMCIIATD ONPEACIUTEIIN;

MarepunanbHoe obecrnieyeHue:

PaznaTounblii MaTepual (KapTOUKH C 3aJaHUSIMH).

TexHuyeckue cpeacTBa 0OYUCHHS: KOMITBIOTEP C JTUIICH3UOHHBIM IMPOTPAMMHBIM 00ECTICYeHUEM U
MYJIbTUMEANA IPOEKTOP

3aganmue:
1. Beryucnuth onpeaenuTesb BTOPOro mopsiaka |: 1 3|
. o -4 2x
2. HaiiTu 3HaueHHEe NEPEMEHHOM BETNYNHbI |_ 1 317 -6
3. Beraucnauts onpenenuTens TPEThEro NopsaKa METOAOM Pa3JI0KEeHHS 110
1 -3 2
nepBoui ctpoke |0 4 —2|.
3 1 4
4. BpluncauTh ONpeIeaUTeNb TPETHErO MOPSAKAa METOI0M TPEYTOJIbHUKA
1 -3 2
0 4 -2
3 1 4
5. BBINOJIHUTG JEHCTBUS:
1 -3 2
A)3*0 4 -2
3 1 4

1
byj[o 4 -=-2(+(1 -4 2

3 1 4 3 0 4

1 4
B)jo 4 -=-2{-[]1 -4 2
31 4113 0 4
Kpartkne Teopernyeckne cBegeHHs:

d B
Ta6J'II/H_[a Buaa A= |C K| HAa3bIBACTCA OIPCACIUTCIIEM BTOPOI'O NOPAAKA WU BBIMUCIISACTCS 110

o |a B|
opMYyIIe =a'K—B'C
PMYTIC |k
a,; a, das
Ta6muna Buna A= |by b,  b3| naswiBaercs ONPENIETUTENEM TPETHETO MOPSIAKA U BEIYUCIIAECTCS
1 G C3
JIBYMsI CTIOCOOAMU: METOJIOM Pa3JI0KEHUS 10 MEPBOM CTPOKE U METOAOM TPEYTOJIbHHKA.
Memoo mpeyeonvruxa
a a,; as
A= bl bZ b3 =(al'bz'C3+a2'b3'C1+a3'bl'Cz)_(a3'b2.C1+a2'bl'C3+a1'b3'C2)
€1 C C3
Memoo pasznodicenust no nepeoil cmpoxe
NG b, b b, b
A: bl b2 b3 = a1 . 2 3 1 3
C; C3 €1 C3
1 C C3
Onpedenumenu 1106020 nopsoxka 00.1a0a0m ciedyIoWUMU C80UCMEAMU.
1. OOmuii MHOXKUTENH B CTPOKE MOKHO BEIHOCUTH 32 3HAK OTPEICITUTETIS.

b, b,
1 G

a;

3




—9.

2 4
-3 B8

2. EcnM KaxIplil 2JIEMEHT B KAaKOW-TO CTPOKE OIPENENUTENs] PaBEH CyMME ABYX CIIaraéMbIX, TO
HCXOJHBIN OIPENEIUTENh PABEH CYMME JIBYX ONPEIEIINTENEH, B KOTOPBIX BMECTO ATOW CTPOKHU
CTOSIT IEPBBIE U BTOPHIEC CIAra€Mble€ COOTBETCTBEHHO, & OCTaJbHbIE CTPOKH COBIANAIOT C
HCXOJHBIM ONPEEIIUTENEM.

b1+ 11 biz+eiz bis+es bir Dbz by €11 €12 13
2 (22 bR = | @21 a2z da23 |+ | @21 a2 a2z
31 g2 R 31 faz  dag 31 gz dgg
3. Ecim nBe cTpoku omnpeneauTensi TOMEHITh MECTaMH, TO OIIPEICIUTEIh TIOMEHSICT 3HAK.
L1 2 3
2 3| |11 ‘
4. Onpenenutesib ¢ ABYMSI PaBHBIMH CTPOKAMH PAaBEH HYIIIO
1 2 3
1 0 =7 [{=0
1 2 3
5. Ompegenutend ¢ AByMs MPOMOPIMOHAIBHBIMU CTPOKAMH PaBEH HYJIIO
1 2 3 1 2 3
-1 2 2{=] -1 2 2 =)
2 4 6 2.1 2.2 2.3
6. Omnpenenutenb, ColepKalIUil HYJIEBYIO CTPOKY, PABEH HYIIIO
1 =1 10
() 0 0f=0
2 3 1

7. OmnpenenuTenb HE HM3MEHHUTCS, €CIM K KaKOW-TO €ro CTPOKE NpUuOaBUTh JPYIYIO CTpPOKY,
YMHOXXEHHYIO Ha HEKOTOPOE YHCIIO
-1 \]
0 -1

ITycTh 3aaH ONpenenuTeNb TPETHErO MOPsIKa 3 I ko BTOPOM CTpOKe MprOaBUM
TPETHIO 3HAUEHUE ONPEACIUTENS HE U3MEHUTHCS

Rl = =

1 =1 0 1 -1 0 I =1 0
1 0 -1 |=114+2 043 =141 |=|3 30
2 B 1 2 3 1 2 4 1

8. Ompenenutens BepxHeH (HW)KHEH) TpPEyrojibHOW MAaTpHILbI paBEH MPOU3BEIACHUIO  €ro
AuaroHaJdbHBIX DJIEMCEHTOB.
10
0
0 0
000 -1
Ilopsinok BbINOJHEHHs padOThHI:
3amaHus peraroTcs B JJI000M MopsIKe
Xon pa6oThi:
1. TMonmy4wTh y mpernoiaBaTess 3aJaHusl.

e
—_
—

=1-2.5-(—-1) =—-10

]
by N
= =

2. OdopMuUThH perieHne B TETpaan s IPAKTHIECKUX padoT.
®opma npeacraBiaeHus pe3yJbTara:
[IpencTaBuTh BHINOIHEHHBIE 33JaHUS B TETPAIU AJIsl IPAKTHUECKUX padOT MPEernoaaBaTesio.

Kputepun onenkmn:


http://www.webmath.ru/poleznoe/formules_6_1.php
http://www.webmath.ru/poleznoe/formules_6_2.php
http://www.webmath.ru/poleznoe/formules_6_1.php

3a Kax /bl MpaBUIIbHBIN OTBET — 1 Oat. 3a HenpaBuibHBIH 0TBeT — 0 6anos. 90 + 100- oTiMyHO;
80 + 89- xopomo; 70 + 79- ynoBnerBoputenbHO; MeHee 70- He yIOBIETBOPUTEIHHO.

Tema 1.1. MaTpuusbl 1 onpeaeauTeu

IIpakTnyeckas padora Ne 2-3 Onepauuu HaJ MATPULIAMH M HAXOK/IeHHe 00paTHOM
MaTPHUIBI.

Heab: popmupoBaHre yMeHUI BBINONHSITH ONEpalluy HaJl MATPULIAMHU.

Beinosinus padory, Bel Oyaere:

YMETh:

- BBIIIOJIHATH OIlEpalK HaJl MaTpULlaMH,

MarepuajibHoe o0ecnieyeHue:

PazgaTounslit MmaTepuan (KapTOUKH C 3aJaHUSIMU).

TexHnuueckue cpeacTBa 00y4eHHsI: KOMIIBIOTEp C JTUIEH3MOHHBIM MPOTpaMMHBIM 00ecriedeHUeM U
MyJIbTUMEAHA ITPOEKTOP

3aganue:
Haiitu 3nauenue Qpynkuuu f(x) = 4x? — 5x + 2. Ecim x = (i :i)
1 2 3
Haiitu 3nauenue Gynkuuu f(x) = —2x2 +3x — 6. Ecmmx =0 4 -1
5 1 -3

Haiitu matpuity, oOpatHyto JaHHOU

P 6 5 1 2
(=3 1) B S\ 1210 8 9
A)A_(4 _1),B)B_ 3 4 -1)B)|, . . o
> 0 -3 4 3 -2 -2

KpaTkue TeopeTnyeckue cBeIeHUs:
[TycTh nana kBagpartHas MaTpula A N-To MOpsAKa.

Munopom Mij snemenma aijj MaTpuLbl N-ro MOPsAKA HA3bIBACTCS ONPENeIUTENb MaTpHIb! (N-1)-ro
HOPsiKA, MOTYYCHHOU U3 MAaTPUIIbl A BEIYEPKUBAHHUEM I-if CTPOKH U j-TO CTOJOIA.

Hanpumep, MUHOPOM 351€eMEHTa @12 MaTpHLbl 4 TPEThEro nopsiaka Oyer:

a a a
11 G1p A3

—|%21  Ya3

ay; Gy Ay

M= =a;-a33-a3;-a23.

Q3 dg3
a3 dzp Ay

Kaskzasi MaTprIa N-ro mopsiaka uMeer N2 MuuopoB (N-1)-ro mopsika.

Anzebpauueckum dononnenuem Ajj snemenma aij MATPHIBI N-TO MOPSAIKA HA3BIBAETCS €r0 MUHOD,
B3ATHIH co 3HaKOM (-1)":

L
Aij=(-1)""Mjj, T.e. anreGpandecKoe IOMOJHEHHNE COBMAIAET C MUHOPOM, KOTJIa CyMMa HOMEPOB CTPOKH U
crobna (i+])- 4eTHOE YKCIT0, U OTIIMIAETCS OT MUHOpa 3HaKOM, Korja (i+])-HedeTHoe YnCIIo.

1 -11
Hpumep. Haiity anrebpaneckue JOMOTHEHUS BCEX JIEMEHTOB MATPHIBL , (5 ¢ |-

1 1 2



Pemrenue.

2 1

1 2

1

I
i

1 -%3.
2 1

Aneopumm vluucienus 0opamHot Mampuywl
1. HaxonuMm ompenenurenb UCXOAHOM MaTpulbl. Eciou |A| =0, To marpuna A — BBIPOKJEHHAs U

1 2

il 1:1; A23:('1)2+3'
12

Ag=(-1)>" _11 j:'2; Az=(-1)*"*

. j=1; Ags=(-1)*"*-
2

0o0paTHON MaTpUILBI A? e cymectByer. Ecnu |A | #0, To marpunia A — HEBBIPOXKACHHAS U OoOpaTHas
MaTpHUla CYLIECTBYET.

2. Haxonum matpuny AT, TPaHCIIOHUPOBAHHYIO K A.

3. Haxogum aJ'IFe6paI/I‘IeCKI/IC JOIIOJIHCHHA 3JICMCHTOB TpaHCHOHHpOBaHHOﬁ MaTpubl H
*
COCTAaBJISIEM U3 HUX NPUCOCAUHCHHYKO MaTpULy A.

4. BeruucnsieM oOpaTHYIO MaTpuly o gopmymue: ,1_1 ,».

5. IlpoBepsieM MpaBUIBLHOCTb BBIYUCIIEHUS OOpaTHOM MaTpUIIbI A, wexons w3 ee onpeaeneHuss A
'A=AA"=E.

. o 1 -11
[pumep. Haiitu maTpuily, oOpaTHYIO K TaHHOM: 4= ) .

Pemenue.

1. Onpenenurens MaTpuubl |4 |=5#0, T.c. Matpuua A — HEBBIPOXKICHHAs U OOpaTHas MaTpHIa A1

CYLIECTBYET.

1 2
-11
1

2. Haxoaum matpuiy AT, TPaHCIIOHUPOBAHHYIO K A A=

3. Haxomum anreOpawdeckue OMOJHEHHUS] JJIEMEHTOB MAaTPHIIBI A" u COCTaBJIISIEM U3 HHUX
IIPUCOEIUHEHHYIO MATPULLY A

—1 j:_z;

1

AT11:(_1)1+1.1 ;:1’ AT12:(-1)1+2' —11 ;:3’ AT13:(-1)1+3'
1 :1’
2
1 - :3’
2 1

AT 21:(_1)2+1, i ; :_3; AT 22:(_1)2+2‘ i ; :l’ AT 23=(_1)2+3‘

AT 31=(_1)3+1 .

; ‘le; AT p=(-1)**

1 —J.‘z_z; AT33=(-1)3+3‘
1 1




4. BerancisieM oOpaTHYIO MaTpuly 1o gopmyne ,1_1 ,»

\
L (1 3 -2) (Y5 35 -2
A_%—s 1 1|=|-35 15 5
1 -2 3) \ys -255 35
5. IIpoBepsieM NPaBUILHOCTH BBIYUCIEHUS 0OPATHONM MaTPHLLI 10 (GopMyIaM
At4=A4"=E:

iy ys 35 -2/5) (1 -1 1)_
-35 15 15 ||2 1 1
s -2/5 35)\1 1 2
1 3 2 1 3 2 1 3 2
-5 1+§~2+( 5 1 §~(—l)+§~1+(—§]~1 g-l+§~l+(—§)-2 10 0,
3 1 1 3 1 1 3 1 1 _
(—§)~1+§~2+g 1 (_E)'(_1)+§'1+§ 1 [_5) l+§'1+§ 2|= g (1) 2
1 2 3 1 2 3 1 2 3
51 (*E 2451 g'(*1)+(*§) legl 5-1+(7§j 12
L (Y LYyrys 35 -25) (100
AA™=12 1 1|35 s y5 |Tlo 1 oo
001

1 1 2){1ys -2/5 35
ITopsinok BbINOJIHEHUs padoOThI:
3aaHus pelaroTcs B JII000M MOpsaAKe
Xoxa padoThI:
1. Tlomyuuts y mpemnojaBaTess 3aJ1aHusl.

2. OdopmuTh perieHne B TeTpaau Al IPaKTHUECKUX padoT.

®dopma npeacTaBiaeHus pe3yJibTaTa:
[IpencraBuTh BBHIMOTHEHHBIC 33JJaHHS B TETPAIU IS IPAKTHUECKUX PAOOT MPENOIaBaTeIIo.

Kpurtepun onenku:
3a Kax[blii TpaBUIIbHBIN OTBET — 1 Oas. 3a HenpaBuiIbHBIM 0TBET — 0 6aimos. 90 + 100- oTnUYHO;
80 + 89- xopomo; 70 + 79- ynoBieTBOpuTENbHO; MeHee 70- He YAOBIETBOPUTEIBHO.

Tema 1.2. CucteMbl JTHHEHHBIX YPABHEHU

IIpakTuyeckasi pa6ora Ne 4 Pemienue cucremMbl JIMHEHBIX ypaBHeHn o npaBuay Kpamepa

Heab: popmupoBaHue ymMeHHU peniath CUCTEMBI TMHEWHBIX ypaBHEHUH 1o npaBuity Kpamepa.

Beimosnus padory, Bel Oyaere:

YMETB:

- Pemath cucteMsl IMHENHBIX YpaBHEHUH 110 npaBuity Kpamepa,;

MarepuanbHoe o0ecnieyeHmne:

Pa3narounslii Matepuain (KapTOUKH C 3aJaHUSMN).

TexHuueckue cpeacTBa 00y4eHHsI: KOMIIBIOTEP C JUIEH3MOHHBIM MPOTPaMMHBIM 00€CIIE€YeHHEM U
MyJIbTUMEAHNA IIPOEKTOP

3aganue:
PemmmTh cuctemsbl IMHENHBIX YpPaBHEHUN ¢ IBYMsI HEW3BECTHBIMU IO mipaBuiy Kpamepa

{x+2y=—2_ {4x—3y=—1_ {7x+3y=1
D lax—y=8"" 1 x—5y=4 %9 2x—6y=-10

Pemmute cuctembl JIMHEHHBIX ypaBHEHUH C TpeMsl HEM3BECTHBIMHU 10 npaBuiy Kpamepa

X1 + Xy —2X3 =6, 5%; +8X, + X3 =2, 2%, = 3X, + Xg =7,
a) 2X1 + 3)(2 - 7X3 :16, 3X1 — 2)(2 + 6)(3 :_7’ B) Xl + 4X2 + 2X3 _ —l,
5%, + 2X, + X3 =16; 2%, + X, — X3 =5 X, — 4%, =-5;

9



PemmmTh cuctemsbl IMHEMHBIX YPaBHEHUH € YETHIPbMS HEM3BECTHBIMU 110 NpaBmiry Kpamepa

Xy +3Xy +4X5 —2X, =2,
d) —3X; = TXy —8X3 +2X4 = -4,
2X; — Xy +3X3 =4,
2X; +4X, +4X%5 =3.

X + Xy + X3 + X, =10,
a) Xy + Xy — X3 — X4 =4,
X —Xg + X3 — X4 =—2,

KpaTRne TCOPETHYCCKUEC CBCACHUA

Memoo Kpamepa
Teopema Kpamepa. Ilyctb A — OTIPETICIIATENH MATPHIIBI CHCTEMBI A, a Aj — onpeieUTENb MATPHULLBL,
MOJTy4aeMoi U3 MaTpuIlbl A 3aMEHOM j-ro cToJ0Ia cTOI0IOM CBOOOAHBIX WieHOB. Toraa, ecnu A#0, To
CHCTEMa UMEET eIMHCTBEHHOE pellieHue, onpeensieMoe no Gpopmymnam:

x,-:ﬁ (=1,2...n.).
A

®dopmyna nmoayuunia HazBaHue GpopmMynsl Kpamepa.

Aneopumm pewenus cucmemvl TuUHeUHbIX ypasHenutl memooom Kpamepa.

1). BeruucauTh onpeaenuTenb MaTpulibl 4, COCTaBICHHON 13 KOA()(PHUIIMEHTOB CUCTEMBI JTMHEHHBIX
YpPaBHEHUU.

2). CocrtaButh MaTpullbl A1, A, ..., An, IIyT€M 3aMEHBI COOTBETCTBYIOIIMX CTOJOIIOB CTOJIOIIOM
CBOOOJTHBIX YJICHOB, U BBIYUCIIUTH UX OMPEICTUTEIH.

3). BeruncauTs 3Ha4eHus EPEMEHHBIX 110 popmyram Kpamepa: x 2 Z X = Al

X — Xo+ X3=3,
[Ipumep. Pemute cucremy ypaBHeHuil metogom Kpamepa: 20+ X+ X3=11,
Xl + X2 + 2X3 = 8.

Pemenne. CocraBum MaTpuny U3 K03(1)(1)I/IHI/I€HTOB CHCTCMbI ypaBHCHI/Iﬁ H BBIYUCIIUM €€ OIIPCACIINTCIIb:

1 -11
Aclo 1 , |4 =5=0. Tax kak A#0, T0 o Teopeme Kpamepa cucrema MMEET €IMHCTBEHHOE PELICHHE.
11 2

Breruucnum onpenenurenu mMatpuil Ay, Az, Az, TOTYYEHHBIX M3 MaTpHIBl A, 3aMEHONH COOTBETCTBEHHO
MEePBOT0, BTOPOTO M TPETHETO CTOJIOIIOB CTOJIOIOM CBOOOIHBIX UJICHOB:

3 -11 131 1 -1 3
A4=11 1 1=20;4,=]2 11 1|=10;4,=2 1 11=5
8 1 2 18 2 1 1 8

Tenepsb no (bopMyJIaM KpaMepa Haﬁz[eM 3HAYECHUS IEPEMEHHBIX
A2, A 10, A5
=4, X =2, % =1.
A A A

OtBer: (4, 2; 1).

ITopsinok BbIMOJHEHHS Pa0OTHI:
3agaHusl pelarTcs B JIF000M MOpsIKe
Xon padoTsI:
1. TlomyuuTs y mpemnojaBaTens 3a1aHusl.

2. OdopMuTh pernieHre B TeTpaau A NPaKTHUECKUX padoT.

®opma nmpeacTaBJieHUs! pe3yJbTaTa:
[IpencTaBUTh BBITTONHEHHBIC 33/IaHHS B TETPAAN sl IPAKTUUECKUX paboT MpenoaaBaTelIro.

Kpurepum ouneHku:
3a Kax/bplil MpaBUIbHBIN OTBET — 1 Oat. 3a HenpaBuiIbHBIM 0TBeT — 0 Gaos. 90 + 100- oTiMyHO;
80 + 89- xopoo; 70 + 79- ynoBneTBopuTelbHO; MeHee 70- He yI0BIETBOPUTEIBHO.

Tema 1.2. CucTeMbl JTHHEHHBIX YPABHEHU
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IIpakTnyeckas padora Ne 5 Pemienune cucrembl JTHHeHHBIX ypaBHeHHi o npasuiay ["aycca

Lean: popMupoBaHue YMEHHI pelIaTh CUCTEMBI JTMHEHHBIX YpaBHEHMI 1o paBuity ['aycca.

BbinosinuB padory, Bel Oynere:

YMETB:

- Pemiath cucTeMbl JIMHEHHBIX YpaBHEHUM 10 npaBuiy ['aycca;

MarepunanbHoe obecrnieyeHue:

Pa3znarounslit MaTepuan (KapTOUKH C 3a/IaHUSIMU).

TexHuueckue cpencTBa 0OyueHHs: KOMIBIOTEP C JHUIIEH3MOHHBIM MPOrPaMMHBIM 00ECTIeueHHEM U
MyJIbTUMEANA IPOEKTOP

3ananmue:
PemmmTe cuctemsl IMHENHBIX YPAaBHEHUN € IBYMsI HEU3BECTHBIMU 110 nipaBuily Kpamepa

x+2y=-2 4x — 3y = -1 7x+3y=1
2) {3x—y=8’b) { x—5y=419 {2x—6y=—10

Pemuts cucTeMbl TUHEHMHBIX ypaBHeHI/Iﬁ C TpEMs HEU3BCCTHBIMU I10 IIPABUITY KpaMepa

X1 + Xy — 2X3 =6, 5X; +8X, + X3 =2, 2% —3X, + X3 =—7,
a) 2%, +3x, — Tx5 =16, 3%, — 2%, +6X3 =7, B) Xy + 4%, +2X5 =1,
5X; + 2X, + X3 =16 2%y + Xy — X3 =-5; Xy —4X, =-5;

Pemute cucTeMbl TUHEHMHBIX ypaBHeHI/Iﬁ C 9CTBIPpbM HCU3BCCTHBIMU I10 ITPABUITY KpaMepa

Xq +3Xy +4X3 —2X%, =2,
d) —3X; — TXy; —8X3 + 2%, = 4,
2% — X, +3X3 = 4,
2% +4X, +4X3 =3.

Xy + Xy + X3 + X, =10,
) Jx, 4%, —Xg — Xy =4,
X — X + X3 — X4 = =2,

Memoo I'aycca (Mmemoo uckmoyeHus HeussecmHblx)

Memoo I'aycca siBnsiercsa Hanbosee OOLUIMM TOYHBIM METOJIOM PELIEHHs] M MCCIEIOBAHUS CUCTEM
JUHEHHbIX ypaBHeHUH. CyIIHOCTH €ro COCTOMT B TOM, 4YTO IIOCPEJICTBOM 3JIEMEHTapHBIX
npeoOpa3oBaHuil cUCTEMa MPUBOAUTCS K CTYIIEHYaTOMY BUY, U3 KOTOPOT'O BCE PEIIEHUS] CUCTEMbBI MOTYT
OBITH HalJIEHbI HETIOCPECTBEHHO.

DnemenmapHvimu npeodbpazo6anuamuy CUCTEMBbI SIBIISIOTCS:

e [IepEeCTaHOBKa JIOOBIX JABYX YPaBHEHHUI CHCTEMBIL;

®  yYMHOJXEHHE JIF000T0 ypaBHEHUS CUCTEMbI Ha Yuciio A#0;

®  BbIUEPKHMBAHUE YPABHEHUS, Y KOTOPOro Bce KOA((UIIMEHTHI U CBOOOIHBII WI€H paBHBI HYJIIO;
®  CIIO)KEHHE JIByX YPaBHEHUH CUCTEMBI.

JIro6oe smeMeHTapHOE MpeoOdpa3oBaHNE CUCTEMBI HE MEHSET MHOXKECTBO €€ PEeILICHHH.

Yaie Bcero npeoOpa3zoBaHusl BHIMOIHIIOTCS HE C CAaMOW CUCTEMOM, a ¢ €€ PaCIIMPEHHON MaTpulei,
OpU O3TOM DdJEMEHTapHble MpeoOpa3oBaHMUsS CHUCTEMbl JIETKO TPEBpallaloTCs B  JIEMEHTapHbIE
peoOpa3oBaHUs MaTPUILIBI.

X + 2X5 +3X3 =6,
ITpumep. Pemuts cucremMy ypaBHeHud MeTonoM ['aycca: {2x, +3x, — x; = 4,
3%y + X, —4X3 =0.

Pemenue.
X, + 2X, +3X; = 6, (-3 X + 2X, + 3%, = 6,
2%+ 3X, — X, = 4, ;‘ —X, = 1% ==8, | (-5
3%+ X, —4%, =0; —5x, —13x, = -18;
X, + 2X, + 3%, =6, X, =6—2X, —3X,, x =1
— X, — 7%, =8, X, = _8_+17X3 , X, =1,
22x, = 22, X, =1 X, =1.

Otsert: (1; 1; 1).
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2% + X, — X3 =5,
[Ipumep. Pemuth cucremy ypaBHeHuit MmetonoMm ['aycca: X, — 2%, + 2X5 = =5,
7X1—X2—X3 :O.

Pemenue. BeimonmanM npeoOpa3oBaHus ¢ TOMOIIBIO paCITUPEHHON MaTPHUIIBL:

2 1 -1-5 (7 2 1 -15
1 -2 2|-5 (?—I =10 5 -515|| (9)
7 -1 =10 (-21¢— 0 9 -535 (-S;I
2 1 -1]5
=10 5 -5[15
0 0 —20-40

2% + X, —X3 =5,
[TonydyeHHON MaTpuile COOTBETCTBYET CUCTEMA 5X, — 5% =15, KOTOpasg UMECT CANHCTBEHHOE PEUICHUE

—20x5 = —40,
X =1
X, =9,
Xy = 2.

Otgert: (1; 5; 2).

Eciam cucrema HecoBmecTHa (T.€. COCTaBISAIONINE €€ ypaBHEHHS MPOTUBOPEUYMBBI M CUCTEMA HE
MMEET PelIeHHs ), TO B pe3yJIbTaTe MPUBEIACHHS K CTYIIEHYaTOMY BUAY MOJydaeTcsi abcyp/iHOE paBEHCTBO
tuna 1=0. O6partHO: eciu MBI OTYYHIH paBeHCTBO 1=0 (BMeCTO eTUHHIIBI B JIEBOW YaCTH MOXET CTOSTh
m000€ YKCIio, HEe paBHOE HYIIO), TO CUCTEMa HECOBMECTHA.

2% =Xy + X3 — X4 =3,
Ipumep. Pemnth cucreMy ypaBHeHU# MeTofoM ['aycea: |4y, —2x, — 2x, +3x, = 2,
2% — Xy +5X3 —6X, =1.

Pemenue. Boimonaum npeoOpa3zoBaHus ¢ MOMOIIBIO PACIIMPEHHON MaTPHUIIB:

2 -1 1 -13) (-2 :I (-1 2 -1 1 -13

4 -2 -2 3|2 =0 0 -4 5|-4

2 -1 5 -¢§1 <« 0 0 4 -§-2 4__|
2 -1 1 -13

=0 0 -4 5|-4|
0 0 O O0}|-6
2% — X9 + X3 =Xy =3,
[Tomy4eHHON MaTpHIle COOTBETCTBYET CHCTEMA | 4y, +5x, =—4, 1pPEThC YPABHEHHUE CHCTEMBI HE HMEET
0x, =—6.

peLIeHu, ClIeI0BaTENbHO, CHCTEMA PELICHUIN HE UMEET.
OTBeT: cucTeMa HECOBMECTHA.

2%, +TXy +3X%3 + X4 =5,
[pumep. Pemuts cucremy ypasHeHuit Metonom aycca: | %1 +3% +5% =2, =3,

X, +5X; —9X%3 +8x%, =1,

5% +18X, +4x5 + 5%, =12.

Pemrenne. 3anuiiem paclimpeHHYIO MaTPHILy ¥ BBIITOJIHUM IIEPBBIN LIar rayCCOBBIX UCKIFOUEHUN:
2 7 3 1|5 2 7 3 115
13 5 -213|4]0 -1 7 -5 1
1 5 -9 8|1 0 3 -21 15|-3
518 4 5 |12 01 -7 5 |-1
Pazgennm TpeTpro CTpOKy Ha 3 M BBIIIOJHUM BTOPOM XOJ1 FayCCOBBIX UCKIIFOUEHUN:
2 7 3 1|5
0—17—51:273 1 5.
0 0 0 O0|O 0 -1 7 -5]|1
0 0 0 0|0
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o oo [2% +TX, +3X3 + X, =5,
IToceqnel MaTpuLe COOTBETCTBYET CUCTEMA YPABHCHUMN:
— Xy +7X3 —=5%, =1.
N3 BTOpPOro ypaBHEHHS HAXOAHMM: X, =—1+7X3—5X, MW, NMOACTABHB B IE€PBOE YpPAaBHEHUE, IOIYUYUM:
X; =6—26X3 +17X%, .
Utak, ¥ =6—-26xX3+17X,, X, =—1+7X3—5%,, X3, X4 — I0ObBIE UKCTIA.
OTBer: cucTeMa HeonpeAeIeHHAs U UMEET OECKOHEYHOE MHOYKECTBO PEIICHUH.

ITopsinok BbINOJHEHHs padOThI:
3agaHusl pelarTcs B JIF000M MopsaKe
Xon paboThI:
1. Tlomyuuts y npenojaBaTesns 3a1aHusl.

2. OdopMUTH penieHre B TeTpaau A MPaKTHUECKUX PadoT.

®opma npeacTaBiaeHus pe3yJibTaTa:
HpeI[CTaBI/ITI) BBIITOJIHCHHBIC 3aJaHW B TCTpaan AJI NPAKTHICCKUX pa60T npenoaaBaTeiIto.

Kpurepun onenku:
3a Kax bl MpaBUIIbHBIN OTBET — 1 Oasut. 3a HenpaBuwiIbHBIM 0TBET — 0 6atoB. 90 + 100- oTau4HO;
80 + 89- xopomo; 70 + 79- ynoBneTBopuTeNbHO; MeHee 70- HE yI0BIETBOPUTEIHHO.

Tema 1.2. CucteMbl JTHHEHHBIX YPABHEHU

IIpakTuyeckas padora Ne 6 Pemenue cucremMbl JTUHEHHBIX YPAaBHEHU MAaTPUYHBIM METO10M

Hean: popMupoBaHue yMEHUI peliaTh CUCTEMBbI TMHEHHBIX YPAaBHEHUIH MAaTPUYHBIM METOJIOM.

Boinoinus padorty, Bel Oynere:

YMETh:

- Pemate cucteMsl TMHENHBIX YPaBHEHUN MaTPUYHBIM METO0M;

MarepunanbHoe obecnedeHue:

Pa3znarounslii Matepuan (KapTOUKH C 3a/JaHUSIMU).

TexHuueckue cpencTBa 0OyueHHs: KOMIBIOTEP C JMIIEH3MOHHBIM IPOrPaMMHBIM 00€CieYeHUEM U
MyJIbTUMEANA IIPOEKTOP

3aganue:
PemmTe cucTeMbl TMHENHBIX YPaBHEHUH € IBYMs HEM3BECTHBIMU 110 IipaBuiy Kpamepa

2) {x+2y=—2_ ){4x—3y=—1_ ){ 7x+3y =1
3x—y=8" x—5y=4" 2x — 6y =—10

PemmmTh cuctemsbl IMHEMHBIX YpPaBHEHUH ¢ TpEMS HEM3BECTHBIMU MO npasBuiny Kpamepa

X1 + X — 2X3 =6, 5X; +8X, + X3 =2, 2% —3X, + X3 =—7,
a) 2X; + 3%, — 7X3 =16, 3% — 2%, +6X3 =7, B) X + 4%y +2Xg =1,
5X; + 2X, + X3 =16 2%y + Xy — X3 =-5; Xy —4X, =-5;

Pemmuth cucTemMbl JIMHEHHBIX YPaBHEHUH C YeThIPbMsI HEM3BECTHBIMH 10 MpaBuity Kpamepa

Xg +3Xy +4X5 —2X, =2,
d) = 3% = TXy —8X3 + 2%, = -4,
2X; — Xy +3X3 =4,
2X; +4X, +4X%5 =3.

Xg + Xy + X3 + X, =10,
a) Xy + Xy — X3 — X4 =4,
X —Xo + X3 — X4 =2,

ITopsinok BbINOJIHEHUS padoOThI:
3amgaHus pemaroTces B JI000M HOPSIKe
Xox padoThI:
1. TMomyuuTs y mpemnojaBaTens 3a1aHusl.
2. OdopMuUThH penieHre B TeTpaau A NPaKTHUECKUX padoT.
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®opma npeacTaBiaeHusi pe3yJabTara:

HpC[[CTaBI/ITB BBITTOJIHCHHBIC 3aJaHW B TCTpAaAU IJI MPAKTHICCKUX pa60T npenoaaBaTeiIto.

Kpurepum oueHku:
3a Kax[Iblid MPaBWIBHBIN OTBET — 1 Oam. 3a HenpaBmwibHBIA O0TBET — 0 6ayos. 90 + 100- oTIMYHO;
80 + 89- xopomo; 70 + 79- ynoBneTBopuTelibHO; MeHee 70- He yI0BIETBOPUTEIBHO.

Tema 2.1. Anre6pa BeKTOpPOB.
IIpakTnyeckas padora Ne 7 Onepannu HaJ BeKTOPpaMHu

Heab: dopMupoBaHHe yMEHUH BBIMOIHATH OMNEPAlMU HAJl BEKTOPAMH; BBIYHCISATH MOAYIh U
CKaJISIPHOE NPOU3BEJCHUE BEKTOPOB.
Beinosinus padory, Bel Oyaere:

YMETb:
- BBITOJIHATH ONEPAIK HAJl BEKTOPAMH;

- BBIUUCIIATH MOJYJIb BEKTOPA;

- BBIYMCIIATH CKASIPHOE MPOU3BEJCHUE BEKTOPOB;
MatepuajibHoe o0ecnieyeHue:

Pa3znarounsblii Matepuan (KapTOUKH C 3aJIaHUSMU).

TexHuyeckue cpeacTBa 00y4eHHs: KOMIIBIOTED C JTUIEH3MOHHBIM MPOTPAMMHBIM 00ECIICUCHHEM U
MYJIBTUMENMA TIPOEKTOP
3aganme:

1. JlaHbI BEKTOPHI a=(4, —2,4) U b=(4 -2, —4). Haiitu: a) BeKTOpHI E=%5 u d=2a+b; 6) yrom
MEXJTy BEKTOpaMH ¢ u d.

2. Haiitu KoopMHATHI U JIUHY BeKTOpa AB, eciu A(2, —3), B(4,-2).

3. JlaHBI BEKTOPBI a=(3 -1, b=(-2), ¢=(-17). Haiiru: a) JJIMHY BEKTOpa p=a+b+c; 0)
Pa3IoKKUTH BEKTOP p IO BEKTOpaM a u b.

4. TlocTpouTh B CUCTEME KOOPAMHAT BEKTOp P =a+2b+C, B3sIB KOOPJAUHATHI BEKTOPOB a, b, ¢ u3
3aaHus 3.

5. Haiitn yrom Mex/ay BeKTopaMi m=3a—4b u n=—-a+2b, ecim a=(3, -6, -1), b=(L 4, -5).
6. HaiiTn KOOpAMHATHI U JJIUHY BEKTOPA MN ,ecmd M(3,2,-7), N(-3,4,2).
7. Haiitu nmepumerp TpeyroapbHuka ABC, eciau W3BeCTHBI KOOPAMHATHI €ro BeplInH A(—4,1),
B(-2,4), C(0,1).
Kparkue TeopeTuueckue cBeleHHA:

Bexmopom Ha3pIBaeTCsl HANIPABIEHHBIM OTPE30K AB C HaYaJIbHOM TOYKON 4 M KOHEUHOM TOUKOU B.
BeKTopbl MOTYT 0603Ha4aThCs: a = AB.

BekTopel, nexamue Ha OJHOW TPSIMOW WM Ha TMapaUICIbHBIX MPSIMBIX, HA3bIBAIOTCS
KOJIUHeapHuiMu, 1 0003HAYAIOTCS QHB. BexToph! Ha3bIBAIOTCS KOMANIAHAPHBIMU, €CITA OHU JIeXkKaT B OJHOU

IIJIOCKOCTH.

Ecin Hayasno u KOHeIl BEKTOpa COBIAIAIOT, HAIIPUMED, AA, TO TAKOW BEKTOP HA3bIBAIOT H)/IE6bIM U
0003Ha4aroT 0= AA. J[iIMHA HYJEBOr0 BEKTOpA paBHA HYJIIO: ‘6‘ -0.
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JIBa BEeKTOpa HAa3BIBAIOTCS PABHbIMU, €CIIM OHW KOJUTMHEAPHBI, OJUHAKOBO HAMPABICHBI U UMEIOT
OJIMHAKOBYIO JUTUHY:

— _ def 1) ETTB,
a=b -
2)\a\=\b\.

Ipouseedenuem eexkmopa a Ha 4ucio A HA3BIBAETCA BEKTOP b= 4 a, UMEIOIIUHA JIHHY ‘5‘ = ‘5

HalpaBlIEHUE KOTOPOIrO COBIAJAET C HAlpaBJIEHHUEM BEKTOpa a, eciu A>0, U IPOTHUBOIOIOKHO EMY,
ecim A<0.

IIpomueononodicuvlm 6eKkmopom -a Ha3bIBACTCS MPOHM3BEICHHE BEKTOpa a Ha ymcio (-1), T.e.
-a=(-Da. _ -

Cymmoii IBYyX BEKTOPOB a U b Ha3bIBAeTCs
BEKTOP c=a+b, Ha4YaJo KOTOPOrO COBIAJAET C

HaJaloM BEKTOpa a, a KOHEI[ - C KOHI[OM BEKTOpa b

P YCJIOBMH, YTO HA4yajao BEKTOpa p COBIAAAET C
KOHIIOM BEKTOPA a (Npasuio mpeyeoibHUKOs).

O4eBUAHO, 4YTO BEKTOP ¢ B OTOM Cilydae MPEACTABISICT [IUArOHATb MapajuiesiorpaMma,
MOCTPOEHHOT'0 Ha BEKTOPaX a M b (MPAsULo NApaiieiocpamma).

[IpaBuio TpeyroibHUKa MOKHO 0000ImUTh. Eciii mMeeTcst N BEKTOPOB ay, ay, ..., 4, , TO UX CyMMa

HaxXo4UTCA MOCJICA0BATCIIbHBIM IIPUMCHCHUCM IIpaBUJIda TPCYI'OJIbHUKA (HpaBI/IJ'IO 3aMbIKaHH A J'IOM&HOIZ).

[Mpsimast | ¢ 3a7aHHBIM HaNIpaBICHHEM, IPUHUMAEMbBIM 32 TIOJIOKUTEIBHOE, Ha3bIBACTCS OCbHIO.

Ilpoexyueti eexmopa a Ha ocb | HaspiBaeTcs uucio, 0003HaYaeMOe npja W PaBHOE
‘a‘ s @, 20e ¢ [0, 7] — yrom Mexkay BEKTOPOM a U TOJNOKUTETHHBIM HAIPaBIeHHeM ocH |.

np|c_1:MN, OS¢<%

M N % np|5=—MN,

NN
IN
S
IN
B

HepeHeceM BCKTOD 5 napajiyiIeJIbHO CaMOMY cebe Tak, YTOOBI €r0 HAyajl0 COBHIAJIO C HA4yaJioM

KOOpAuHaT.
KoopduuamaMu 6eKmopa a Ha3bIBAKOT

KOOpAUHATBI Cro KOHEYHOM TOYKH. TaK,

KOOpAUHATaMU BEKTOpA a=0M Ha
MIOCKOCTH Oxy SIBILIOTCS ABa YUCHA X U V.
X
BekTop a=(x,y,z) MOXET OBITh TIPEJCTaBJICH B BUAe a=Xi+Yyj+zK, tme i, j, k — eIMHUYHBIC

BEKTOPHI (OPTHI), COBNAIAOIINE C HAMpaBIeHHeM oceil coorBercTBeHHO OX, Qy, Oz; M+‘j‘+‘k‘ =1.

ﬂﬂMHa 6eKmopa paBHA KOPHIO KBAJIPATHOMY U3 CYMMBI KBAaZPaTOB €0 KOOPAUHAT:
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A =[oM]= x4y e [f=foM]= oyt 42 (1)

JlnneliHple onepanuy HaJ BEKTOpaMH B KoopamHaTHOM Qopme. IlycTh BEKTOP a=(x,y,z) H

a+6=(X1+X2, Vit Yo 2+ 2y),

b = (X, ¥,. 2,) » TOTJA _
a-b=0-% Y=Y, 2-12),

E =
a =
a IPOM3BE/ICHUE BEKTOPA a = (x,, y,, z) Ha YHCIIO A €CTh BEKTOP T = (Jix, Ay, Az,) -

Eciu jgambl Toukm M(x;,y;,2;) ® N(X,¥,,2,), To BekTop MN GymeT HMeTh KOOPAMHATHI:

W:(Xz =X Yo =Y. 2 —21)-

HBa BCKTOpa 5 U b KoluHeaprsvl TOI'Ja MW TOJIBKO TOrada, KOrjga HX KOOPpAWHATHI

PR
X, Yo 74

IIPOIOPLHOHATBHBL: 3|

Jlenenue oTpe3ka B 1JaHHOM OTHOIIEHUU. I1yCTh JaHbl TOUKU A=(Xy,Y;,2;) U B=(X,,Y,,2,), @ TOUKA

M onpenenena ycnoueM AM=AMB, 1>0.

AMMME=11
A M B

Torna KoopauHATHI X, Y, Z TOYKH M ONpeNestoTCs paBeHCTBAMU

X+ A%, Vit Ay, Z_zl+/1z2
1+1 1+1 1+4

B yactaoMm ciiyyae A=1 u Touka M Oynet cepeanHoi orpe3ka AB.

Cranspuoiv  npouszeéedenuem (a,b) IBYX BEKTOPOB a H b Ha3bIBaeTCS 4YHCIO, PaBHOE
MPOM3BEIEHHUIO JJTUH STHX BEKTOPOB Ha KOCHHYC YIJIA () MEXKITY HUMHU:

(a.b)=ab =[dfb|cose-

BbIpazuM cKasipHOE IPOM3BEICHHE Yepe3 KOOPANHATHI BEKTOPOB a U b .

Cranspnoe npoussedenue (a,b) IByX BEKTOPOB a M b paBHO CyMMe [MPOHM3BE/ICHHI
COOTBETCTBYIOIMX KOOPAUHAT 3THX BEKTOPOB:

(5, 6): ab= ‘EHB‘ COSP = XX, + ViV, + ZZ,- (2
Cxanapuwiil K6adpam BEKTOPA paBeH KBAAPATY €ro JTHHBL:

i W I 2 2 2

(aa)=a =l =1 ey 2 (3)

VTos MEKTy BEKTOPAMHU a U b OMpEAENseTcs Mo hopmyie

_ (a’ B\) _ XX+ VY, + 247, . 4)
cos @ ‘5‘5‘ \/Xlz + ylz 4 le \/Xzz 4 y22 + 222
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Jns IBYX HEHYJEBBIX BEKTOPOB a = (x, Y, z) ¥ b =(X,, Y, z,) YC106Ue OPMO2OHANLHOCHIY UMEET BHUL:

5J_5<:>x1x2 +Y1Y, + 2,2, =0.

Ipumep. JaHbl BEKTOPHI a= (2, -1 -2) B b= (8, —4, 0). Haiitu: a) Bektopsl ¢c=2a u d=b—a; 6) AIHHBI
BEKTOpOB ¢ u d; B) CKAIAPHBIA KBAApAT BEKTOPA d; T) CKIAPHOE MPOM3BENCHHE BEKTOPOB (c, d); JI)

YrOJ MeXTy BEKTOpaMH ¢ u d .

Pemenue. a) [1o onpeaeneHuio c=2a=(4, -2, -4); d=b-a=(6, -3, 2).
6) [To dopmyie (1) HaiimeM ITHHBI BEKTOPOB ¢ u d
2+ =6 |~ (Er a7 -1

B) I1o dhbopmyre (3) ckanspHBIN KBagpaT paBeH KBaApaTy MOIYJIS BEKTOpa, T.€.

Q|

d)=d=[d =72 = 49.
r) ITo dhopmyre (2) ckansipHOE IPOU3BEICHHE PABHO:
(.d)=4-6+(2)-(-3)+(4-2=22.

1) Io dopmyite (4) yroa Meskxy BEKTOpaMu ¢ u d OMPEHEISETCS PABEHCTBOM:

cosp=\©d)_ 22 _ o), OTKYRA ¢ =arccos 052~ 58°.
C

‘a‘ 6-7

IMopsinok BbINOJIHEHUS PadOTHI:
3agaHus pelaroTcs B JJF000M MopsKe
Xon pa6oThi:
1. TMomy4wTs y mperoaBaTess 3a1aHusl.

2. OdopMUTH perieHre B TeTpaau s MPAKTHIECKUX PadoT.

<I)0pMa NMpeacraBjJacHusd pedyjabTara:
Hpe)ICTaBI/ITB BBITIOJTHCHHBIC 3aJaHW B TETpaan IJId NPAKTHYCCKUX pa60T npenoaaBaTeiIto.

Kputepun onenkmn:
3a KakJblii MpaBUWIIbHBIN OTBET — 1 Oast. 3a HenpaBuiIbHBIH 0TBET — 0 6aioB. 90 + 100- oTIMYHO;
80 + 89- xopomio; 70 + 79- ynoBieTBOpUTENbHO; MeHee 70- HE YyIOBIETBOPUTENIBHHO.

Tema2.1l. Anredopa BeKTOPOB.
IIpakTuuyeckas padora Ne 8 Pemmenne 3agau

Hean: hopMupoBaHre YMEHUN penIaTh 3aJa4H 110 TEOPUU aaTreOphl BEKTOPOB.

Beinosnus padory, Bel Oyaere:

YMETB!

= BBIYUCJIAITh BEKTOPHOC U CMCIIAHHOC IIPONU3BCACHUA BeKTOpOB;

MarepuanbHoe o0ecnieyeHme:

PaznaTounblif MaTepual (KapTOUYKH C 3aJaHUSIMH).

TexHuueckue cpencTBa 0OyueHHs: KOMIBIOTEP C JHMIIEH3MOHHBIM IIPOIPaMMHBIM O0€CIIEUeHUEM U
MYJIETUMENMA IIPOEKTOP
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3aganme:

1. Jlaubl BeKTOpbl a=4i+4k, b=—-i+3j+2k, c=3i+5]. BEHIIOIHATE ClCIyIOMmIE ICHCTBUS: a)
BBIYHMCIINTE CMEIIAHHOE IPOU3BEICHHE BEKTOPOB a, b, 5¢; 0) Haﬁnme MOZYJIb BEKTOPHOI'O
IPOM3BENCHNUS 3¢ u h; B) BEIUMCIHTE CKaJ'ISIpHOC IIPOM3BEJICHIE BEKTOPOB a M 3b; T') MPOBEpbTE, 6yz[yT
I KOJUIMHEAPHbI WM OPTOrOHAJIEHbI BEKTOPBI a 1 b ; 1) mpoBepbTe, GYIYT I KOMIUIAHAPHBI BEKTOPHI a

b c.

2. Bepmmusl nmupamuasl Haxomatcs B Toukax A(2, 3, 4), B(4, 7, 3), C(1, 2, 2), D(-2, 0, -1).
Beruucnuts: a) mmomans rpanu ABC; 6) o6bem mupamuast ABCD.

Kparkue Teopernuyeckune CBeIeHHs:

TpOI/IKa BeKTOpOB a, b, C C O6H_II/IM HayajioM B Touke () Ha3bhIBacTCs HpaBOI/I cClin KpaT‘IaI/IHII/II/I

TIOBOPOT OCH BEKTOPA a K BEKTOPY b CO CTOPOHBI BEKTOPA C OCYIIECTBIAETCS IPOTHB YAaCOBOH CTPEIKH
(puc. a). B mpoTtuBHOM citydae TpoiiKa BEKTOPOB Ha3bIBACTCs JIEBOH (puc. 0).

Bexmopuvim npouseedenuem BEKTOPOB a ¥ b Ha3pBaeTCA BEKTOP c, 06o3HaYaeMbIil C=axb),
KOTOPBIN YIOBIETBOPSIET TPEM YCIOBUSAM:
1) | d=[p[sinfa.b);
2) cla clb;
3) a,b,c— npaBasi TPOKa BEKTOPOB.

W3 onpenenenrs BEKTOPHOTO MIPOU3BEICHUS CIEAYeT, UT0 axa=0, axb=-bxa.

Ecnu u3BecTHBI KOOPAWHATBI BEKTOPOB a = (x,,V;,2) U b= (%, Y,,2,), TO KOOPJAUHATHI HX BEKTOPHOTO
NPOU3BE/IEHUs BEIYMCIIAIOTCA 110 hopmyIe

- - = z Xz |x
c—axb= Y1 uo_oal Y1
Yo Zof X2 Zy] X2 Y2
— I'eomerpuuecknii CMBICHI BEKTOPHOI'O
[
5 MIPOM3BENICHNsI COCTOMUT B cieayromeM. JlinHa

h.. BEKTOpa c=axh paBHa IUIOLIA M
el —

Cmewiannbim npouséedenuem Tpex BEKTOPOB b, b, ¢ HaspBaercs umcno, KOTopoe ToJTyyaeTcs,
€CIIH BEKTOPLI b ub YMHOXXUTHh BEKTOPHO, a 3aT€M Pe3yJbTaT YMHOXXHTH Ha BEKTOP C CKaJIAPHO.
O603HayaeTcst cMeIaHHOE IPOU3BE/ICHUE abc . tak, o OIlpelieJIeHUI0 abc = (axb)c

ITycTh M3BECTHBI KOOPAMHATEI BEKTOPOB a = (X, V,,2)1 b= (X, Y, 2,) ¥ c=(X3,Y3,25) - LOraa

XX Y1 4
abc=|x, vy, 1.
X3 Y3 I3

Ycnosue komnaianapnocmu tpex BekTopoB b, b, ¢ umeer Bua:

o L X Y1 4
b, b, ¢ —KOMIUIaHapHBI < abc=0 < X, Yy, Z,/=0.
X3 Y3 Z3
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reOMeTpI/I‘-IeCKI/II/I CMBICJI CMCIIAHHOI'O0 IIPOU3BCACHUA COCTOUT B CICAYIOLICM. CMemantoe
TMPOM3BEICHUE TPEX BCKTOPOB b, b, ¢ paBHO 00beMy V TapajmieNenuena, MOCTPOSHHOTO HAa JTHX

BEKTOpax, eclu b, b, ¢ — mpasas Tpoiika. Eciu ke 5Ta Tpoiika 1eBas, TO CMEIIAHHOE IIPOU3BEICHHUE
OTpHULATENILHO U PaBHO 00BEMY NapajIesICNUIEaa ¢ IPOTUBONOIOKHBIM 3HAKOM:

npaeas mpouKa,

— (v, ab,
abc = _
a,

C—
-V, a, b, ¢ — zesas mpoiixa.

IMopsinok BbINOJIHEHHUSI PA0OTHI:
3aaHus pemaroTcs B JIIOOOM MOPSIKE
Xoxa padoThI:
1. Tlomyuuts y npenojaBaTes 3a/1aHusl.

2. OdopmuTh penieHue B TeTpaau A MIPaKTUYECKUX padoT.

®opma npeacTaBiaeHus pe3yJibTaTa:
[IpencraBuTh BBHIOTHEHHBIC 3aJaHHS B TETPAJIN JIJIS IPAKTHYECKUX PabOT IpenoaBaTelio.

Kpurtepuu onenku:
3a Kax/blil IpaBWIbHBIN 0TBET — 1 Gami. 3a HenpaBuiabHBINA 0TBET — 0 6amioB. 90 + 100- otuuHo; 80 +
89- xopomro; 70 + 79- ynoBieTBOpUTENLHO; MeHEe 70- HE YIOBICTBOPUTEIIEHO

Tema 2.2. YpaBHeHHe NPAMOii HA MVIOCKOCTH U B MPOCTPAHCTBE

IIpakTnyeckas padora Ne 9,10 CocraB/ieHne ypaBHeHH I NMPSAMBIX U pellieHHe 32124

Hean: hpopMupoBaHre YMEHUM COCTABISATh YPAaBHEHUS MIPSMBIX.

Brinmosinus padorty, Bel Oynere:

YMETb:

- pemarh 3aJa4u, UCIOJIb3Yysl YpaBHEHUS MTPSIMBbIX;

MarepuanbHoe obecrnieyeHue:

PaznaTounblif MaTepual (KapTOUKH C 3aJaHUSIMH).

TexHnueckne CpeacTBa 06yT~I€HI/I$II KOMIIBIOTECP C JIMICH3WOHHBIM ITPOrpaMMHBIM oOecrieueHreEM U
MyJIbTUMEANA TPOEKTOP

3aganue:

1. Hawer Bepmmnbl A(3, 1), B(-13, -11), C(-6, 13) tpeyronbuuka ABC. CocTaBUTh ypaBHEHUS
CTOPOH TpeyronbHuka ABC 1 HaliTH yron Mexxay npsmeiMu AB u BC.

2. Haiitn TOUKy mepecedeHus MPSMBIX, 3a/JaHHBIX YPAaBHEHHSAMHU: a) 2X—Yy+3=0 U 4x+8y+17=0,
0) 2x—-y+3=0 u 4x-8y-11=0.

3. Jansr Bepummnstl A(4, 3), B(-3, -3), C(2, 7) tpeyronbauka ABC. HaiiTu: a) ypaBHEHHE CTOPOHBI
AB; 6) ypaBHeHue BoicoTbl CH, B) ypaBHeHue meauanbl AM; r) Touky N nepeceuenus menuansl AM u
BoicOThl CH, 1) ypaBHEHWE TpsIMOW, Mpoxojsmiei depe3 BepmuHy C MapauieJbHO CTOpOoHE AB; €)
paccrosinue ot Touku C 110 npssMoit 45.

Kparkue Teopernyeckue cBeAeHUA:

B ,Z[CKE[pTOBOﬁ HpHMOYTOHLHOﬁ CUCTCMEC KOOpANHAT Oxy Ha IUIOCKOCTH J100ast npsamMasa MOXKET OBITh
3alaHa YpaBHCHUCM nepBoﬁ CTCIICHHU

Ax+By+C=0, rie A, B, C — ompeznenennsie uncna, A?+B? =0. 11 o0OpaTHO, BCAKOE ypaBHEHHE BHIA

Ax + By +C =0 OIIpeACIICT IPsIMYIO Ha IIJIIOCKOCTH.
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JlaHHOe ypaBHEHUE Ha3bIBACTCA O00WUM YpaeHeHuem NpsAMOU Ha IUIOCKOCTH, KO3()(UIIMEHTHI
ypaBHeHus A, B onpenenstoT KOOpAMHATBI BEKTOPA fi, NEPHIEHIUKYISIPHOTO 3TON NPsAMON. DTOT BEKTOP
HA3BIBACTCS] HOPMAIbHBIM 8EKMOPOM TIPIMOM.

VkaxkeM OCHOBHBIE CIIOCOOBI 3aJaHus HpHMOfI Ha IIJIOCKOCTHU U COOTBETCTBYIOIMEC YPAaBHCHUS.

1. IIpsimMast MPOXOIUT Yepe3 TOUKY M (x,,y,) NEPIECHAUKYIIPHO BEKTOPY fi = (A, B). B aToM cirydae
IpsiMasi ONUCHIBAETCS OOLIMM ypaBHEHHEM
A(X_Xo)+ B(y_YO):O'

2. llpsmas NPOXOAUT YEPE3 TOUKY M,(X,,y,) MAPAIENLHO BEKTOPY S =(m,n). B oTOM Cciyuae
npsiMasi 3a1a€TCsl KAHOHUYEeCKUM YPAGHEHUEM
X=X _ Y=Y,
m n

WK napamempudeCKumMu ypaeHeHusiIMu

X =X, +Mt,
y =Y, +nt,

roet— mapameTp, HpI/IHI/IMaIOH_[I/Iﬁ JIFOOBIE YHCIJIOBLIE 3HAYEHHS.

3. HpHMaH IpoxoauT 4Y€pe3 TOUKY Mo(xoxyo) C 3aIaHHBbIM YTJIOM HAKJIOHA ¢, OIPCACIIACMBIM

yenosvim Kodpduyuenmom k=tge (puc. 1). B 3TOM ciyuae ypaBHEHHE TNpSMOIl HMeEET BHJ

Y=Y, =k(x=X%,).
A

o
(TA

ot . -
x

L 3

Puc. 1. Puc. 2.

4. Ilpsmasi OoTcekaeT Ha KOOPJIMHATHBIX OCAX 3aJaHHble OTpe3ku (puc. 2). B sToM ciyuae

UCIIONB3YIOT ypaeHeHue npsamoi 6 ompeskax X . Y _q.
a b

5. Ilpsmas 3amaHa YIJIOM HakJIOHA ¢, ONPEAENSEMbIM YIJIOBBIM KO3(h(UIUEHTOM K =tga, U
otpe3koM b, orcekaembiM Ha ocu (Oy. B 3TOM ciydae HCIONB3YIOT YpAGHEHUe NPsSMOU C Yelo8biM
KO3 puyuenmom y =kx+b .

Paccmosnue d om mouku M,(x,y,) OO THPSIMOH Ax+By+C =0 BBIUNCIAETCS TIO (QopmyIe
d:\Ax1+By1+C\_

VA? + B2

IHopsiaoK BbINIOJIHEHHS Pa0OTHI:
3amaHus peraroTcs B JJI000M MopsiKe
Xoa pa0dorsI:
1. Tlomyuuts y npenojaBaTens 3a/1aHusl.

2. OdopMuUThH perieHne B TeTpaau s MPAKTHIECKUX padoT.

®opma npeacraBiaeHus pe3yJbTara:
[IpencTaBuTh BHINOIHEHHBIE 33JaHUS B TETPAIU AJIsl IPAKTHUECKUX padOT MPernoaaBaTesio.

Kputepun onenkmn:
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3a KaIbIil TpaBUILHBIN OTBET — 1 Oaut. 3a HenmpaBmwibHBINA 0TBET — () 6aymmoB. 90 +~ 100- oTinuuno; 80 +
89- xopomo; 70 + 79- ynoBneTBopuTeNbHO; MeHee 70- HE yIO0BICTBOPUTEIHHO

Tema 2.2. YpaBHeHUe NPsSIMOii HA MJIOCKOCTH U B MPOCTPAHCTBE

IIpakTnyeckas padora Ne 11,12 CocraBiieHue ypaBHeHHIi KPUBBIX U NOBEPXHOCTEll BTOPOro
NopsiaAKa

eab: GpopmupoBaHue yMeHHI COCTaBISATh YPAaBHEHUS KPUBBIX U TIOBEPXHOCTEH 2-T0 MOpPSIKA.

BbinosinuB padory, Bel Oyaere:

YMETB:
- pelmaTh 3aJa4u, UCIOJb3ysl YPABHEHUS KPUBBIX BTOPOIO MOPAAKA Ha INIOCKOCTH,

MarepunanbHoe obecrnieyeHue:

Pa3narounslii MmaTepual (KapTOUKHU C 3aJaHUSIMH).

TexHuueckne cpeacTBa OGy‘-IeHI/ISII KOMIIBIOTCP € JIMOCH3UOHHBIM MPOTpaMMHBIM obecrieyeHneM u
MYJIbTUMEIHA TPOEKTOP

3aganue:

1. Omnpenenuth KOOPAUHATHI LIEHTPA U PAAUYC OKPYKHOCTHU x? +y2 —4x +3y =0.

2. CocTaBUTb ypaBHEHHE OKPYKHOCTHU, NPOXOMAIIEH 4Yepe3 TOUKY 4(6,-1) C LEHTPOM B TOUYKE
nepeceyeHus npaMbIX 3Xx—4y—-5=0 1 4x+3y-15=0.

3. Haiitu nomyocu, KoopJuHATHI (POKYCOB M SKCHEHTPUCUTET ILTUIICA 4x? + 25y —~100=0.
4. OnpeaenuTb BUJ U PacHoiIokKeHUe KPUBOH (T0JIyOCH, KOOPJUHATHI (POKYCOB U KCLIEHTPUCUTET)
5x2 +16y? +10x—96y + 69 =0.
5. [Ilapaboma c¢ BepIIMHOH B Hayane KOOPIWHAT MPOXOAUT 4epe3 TOUKY 4(1,-3) U CHUMMETPUYHA
oTHOocHuTeNnbHO ocu Ox. Haiitu gokyc 1 ypaBHeHUs apaboIIbl ¥ ee TUPEKTPUCHL.
[TapaGona ¢ BepLIIMHOM B TOUKE O(2,1) MNPOXOAUT 4Yepe3 TOUKY 4(6,3). COCTaBUTH ypaBHEHHE
napaboIIbl
Kparkue Teoperuyeckue cBeJeHHA:

OO1iee ypaBHEHUE KPUBBIX BTOPOTO MOPSIKA UMEET BH/T
Ax? +Bxy + Cy? + Dx+ Ey + F =0, B KOTOpOM 4, B u C He paBHbI HYJII0 OTHOBPEMEHHO, T.€. A2 +B2+C2 #0.

Dnaunc u OKpyHCHOCMb
Onnauncom Ha3bIBAETCS TEOMETPUUECKOE MECTO TOUYEK IUIOCKOCTH, CyMMa PAacCTOSHHUH OT KOTOPBIX

710 IBYX JaHHBIX Touek F1 u F2, Ha3piBaeMbIX OKycaMu, €cTh BEIMUMHA MIOCTOSIHHAS, paBHas 2a, IpUYEM
3Ta BEeIMYMHA 00JIbIe pacCTOSIHUS 2¢ MeXy (hoKycamu.

Ecmu 3a ock Ox mnpuHATH HpsMyto, mpoxoxasuryto udepe3 ¢okycel F1 u Fp, a 3a oce Oy —
NepHeHAuKyYIsip K ocu Ox, MpoXoJsAIuil uepes cepeanny orpeska FiF, (puc. 1), To ypaBHeHue summnca

XZ 2
NPUMET BuI = +3 _q.
a

bZ

910 YpaBHCHHUEC HA3bIBAKOT KAHOHUYECKUM YpABHEHUeM JJiunca. HpI/I 3TOM a — OobIlas MOJIYOCh

smmnca, b — ero Manas nomyocs, ¢ =+va’ -b*, F/(-c,0) 1 F,(c,0) — Gokycs ammmmca.
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- Puc. 1.

OrHomeHue = e <1 HAa3bIBACTCA IKCYEHRMPUCUMEMOM JJIIUNCA.
a

ITpu a<b ypaBHeHHE TakKe 3aJaCT SIUIMIIC, HO y TAKOTO JUIHICA (POKYCHI PACIIONIOKEHBI HA OCH

Oy, mapametp b 3amaer GoOJbIIYIO TONYOCh, & @ — Malyl MOJyoch. IlapaMeTp ¢, paBHBIA MOJOBUHE

paccrosiHusT MEXIy (GOKycamMu, MOXKHO Haité 1o ¢opmyne c=+b’—-a’, a IKCHEHTPUCHTET — MO

dopmyne ,_C.
b

[Ipu a=Db ypaBHeHHe 3a1aeT OKPYKHOCTD C LICHTPOM B HayaJie KOOPAUHAT U PAIUYCOM d.

OxpyskHOCTh pajmyca R ¢ nentpom B Touke C(X,, Y, ) 3anaercs ypasuenuem (x—x, )’ +(y—y, ) = R2.

T'unepbona
T'unepbonoii Ha3bIBACTCSI TEOMETPHUECKOE MECTO TOYEK IUIOCKOCTH, MOJAYJIb PAa3HOCTH PACCTOSHUMN

OT KOTOPBIX OO0 ABYX HaHHBIX TOYCK Fl u F2, Ha3bIBACMbIX Q)oxycaMH, CCTh BC/IMYMHA IIOCTOsJHHAsA,
paBHasd 2a, IIpUYCM 3Ta BCJIMYHMHA MCHBIIIC PACCTOAHUSA 2c MCKOAY (1)0KycaMI/I.

Ecnmu 3a oce Ox mpuHATh OpAMYRo, mnpoxoasiryro uepe3 ¢okycelt F1 u Fp, a 3a ocb Oy —
neprneHauKynap kK ocu Ox, NpoXoAsimui dvepe3 cepenuHy otpeska FiF; (puc. 2), To ypaBHeHHE

2 2
THNEpOOIIBI IPUMET BHIL X~ _ Y~ _ ;.

a? b?

OTO0 ypaBHEHHE HAa3bIBAIOT KAHOHUYECKUM ypasHeHuem unepboiavl. llpu 3TOM a — nelcTBUTENbHAs

I0JTyOCh TUIepOoIbl, b — ero MHMMast oIyock, ¢ =~va’ +b®, F(-c,0) 1 F,(c,0) — dokycsl amnurmca.

" J

Puc. 2.

Ornomenue . _ C .1 HaswpIBaeTCs oKkcyenmpucumemom unepoonol. Ilpameie y = igx’ K KOTOPBIM
a

rurep0osia HEOTPAaHHYSHHO TPUOIIDKAETCS Ha OECKOHEYHOCTH, IPEACTABISIOT COOOW aCHMIITOTHI
TUNEepOOIIBI.

2 2
VYpaBHeHue _L2+L2 —1, Ompenensier runepOoily, HO y 3Toi runepOoiibl GOKYChl pacroioKEeHbl Ha
a® b

ocu Oy, napamerp b ectp neficTBHTENBHAS TOIYOCH, TApAMETP @ — MHUMAas ITOJIYOCh, & SKCICHTPHCUTET

BeIUMCIIAETCS 1O hopmyie ,_C.
b

Ilapabona
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Ilapabonoii Ha3pIBaeTCsI TEOMETPUUECKOE MECTO TOYEK IUIOCKOCTH, PAaBHOYIAICHHBIX OT JaHHOMU
TOYKH, Ha3bIBaeMOU (DOKYCOM, M TAaHHOU MPSIMOM, Ha3bIBAEMOU JTHUPEKTPHUCOH.

Ecnu 3a ocb Ox npuHATH NPAMYIO, IPOXOAAILYIO Yyepe3 (POKyC MepneHAUKYIIPHO TUPEKTPUCE, a 3a
ocb Oy — MpsMyI0, MPOXOMSIIYI0 uYepe3 CepeauHy MEepHeHIuKYNsIpa, OIMyIIeHHOro u3 (oKyca Ha
aupexTpucy (puc. 3), To ypaBHEeHHe apadoibl IpUMeT BUA y? = 2px, IJIE€ p — PacCTOsiHUE OT (oKyca J0

AUPEKTPHUCHI. 910 YPaBHCHUE HA3bIBAIOT KAHOHUYECKUM YpABHEeHUem napa60ﬂbz. HpI/I 9TOM X:—E -
2

ypaBHEHHE JUPEKTPUCHL, a (HOKYC F[ P Oj.

A

B
=¥

Puc. 3.

VYpaBHeHHe x° =2py 3aAaeT napaboiy, CUMMETPUYHYIO OTHOCUTEIbHO ocu Oy. B 3toM ciyuae

pupekTpuca napaboist _ _ P, a pokyc F(O’pj'
2 2

IMopsiniok BbINOJIHEHUS PadOTHI:
3ajaHus peuaTces B JII000M HOpsiIKe
Xon padoTsi:
1. TMomyuwTh y mpernoaBaTens 3a1aHusl.

2. OdopMuUThH pemieHre B TeTpaau Al MPaAKTHIECKUX PadoT.

(I)opMa NMpeacraBjJacHusd pedyjabTara:
Hpe)ICTaBI/ITB BBITTIOJTHCHHBIC 3aJaHW B TETpaan IJId NPAKTHYCCKUX pa60T npenoaaBaTeiIto.

Kputepun onenkmn:
3a Kax /bl paBUIIbHEIN 0TBET — 1 Gamn. 3a HempaBuibHBIN 0TBET — 0 6amioB. 90 + 100- otnuuno; 80 +

89- xoporo; 70 + 79- ynoBieTBOpUTENLHO; MeHEe 70- HE YIOBICTBOPUTEIIEHO
Tema 3.1. Ilpenes u HenpepbIBHOCTH (PyHKIMH

IIpakTnyeckas padora Ne 13 Berunciienne npeaeioB pyHKIuii.

. 0 00
PackpbiTHe HeonpeaeaeHHOCTel (6) n (—)
o0

eab: GpopmupoBanne yMeHHI BBIYUCISITE MPECIbl (OYHKIHA.

Bbinosinus padory, Bel Oyaere:
YMETh:

0 0
- pacKpbIBaTh HEONPEAECIEHHOCTH TUIIA (6) u(—);
o0

MarepuanbHoe o0ecnieyeHme:

Pa3narounsblii Matepuain (KapTOUKH C 3aJaHUSMN).

TexHuueckue cpencTBa 0OyueHHs: KOMIBIOTEP C JHMIIEH3MOHHBIM IIPOrPaMMHBIM O0€CIIEUCHUEM U
MyJIETUMEANA TPOEKTOP
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3amanmue:

N~ 0
Boruncnuth npenensl GyHKIMNA yilig OT HEOIPEAEIEHHOCTH (6)

a)lim 6) lim 2x2+x-15 8) lim 23 4+x+2 - ) lim 2x3—54x ) lim Va+1i-1
—>; 2-0.25’ X>=3 3x247x—6’ =1l x34q X4 x2ixt1’ =l
o o e 0]
Berauciuth npenensl yHKIUH yitas oT HeonpeaeaeHHOCTH (—)
o0
. —3x+7 x2+x3 x*+x5 12x5-3x3+2x . 2
limye_,o0 = T 6) Nimyseo "5 B) My "5y N My =55 ) limx- (\/ X“+1- X),

a)
KpaTRne TECOPETHYECCKUEC CBCACHUS .

Packpvimue neonpedenennocmeii pasnuinbix munos
Jlnist Toro 4yTOOBl HANTH MpeneN 3JIeMEeHTapHON (PYHKIMH, KOT/Ia apryMEHT CTPEMHTCS K 3HAUEHUIO,
IpUHAAIEKAIIEMY O0JaCTH ONpENeNeHUss ATOH (PYHKIUH, HYXKHO B BBIpaXeHHE (YHKIHH BMECTO
apryMeHTa IIOJICTaBUTh €T0 MPEACIbHOE 3HaYCHUE.
Jlaneko He BCsIKasg IIOJICTAHOBKA IIPENEIbHOTO 3HAa4YeHHs B (YHKIMIO BMECTO HE3aBHUCHUMOMN
IIEPEMEHHON MOXET cpa3y INPUBECTU K HaxoxacHHIO mnpenena. Ciaydaw, B KOTOPBIX IIOACTaHOBKA
[IpeIeIbHOrO 3HaU€HUs B (YHKIIMIO HE JJaeT 3HAUYEHUs Mpejiesia, Ha3bIBalOT HEOIIPEIEICHHOCTIMU; K HUM

OTHOCSTCSI HEONPEICIECHHOCTH BUIOB [3) (%), (O-oo), (oo—oo), (1“"), (ooo), (OO). PaccmoTpuM HECKOTBKO
o0

TUIIOB IPUMEPOB, KJIACCU(PULUPYS UX 110 BUAY HEONPEIEIEHHOCTH U IIPEJEeIbHOMY 3HAaYEHHUIO X.
1-it mun. PaccmoTpum npumepsl Buja lim——= )
x> ¢(X)
B 00ILIEeM ciTy4ae — CJIO’KHBIC CTEIICHHBIC WM TI0Ka3aTesbHbIe GYyHKIMU. B cilydae cTEmeHHBIX (QYHKIUI
HE00XO0/AMMO BBIHOCHUTB 32 CKOOKY B UMCIIHTENIE U B 3HaMeHaresne ApoOu X ¢ HauOOJbIINM IOKa3aTesleM
CTENIEHU CpEeIM BCEX CJIaraéMbIX JpoOM; B Cilydae IOKAa3aTelIbHBIX (YHKIMH 3a CKOOKY BBIHOCUTCS
Haunbosiee OBICTPO BO3pacTarollee cilaraeMoe Cpeau Bcex ciaraeMbix ApoOu. Ilocne cokpaiienus apoOu
HEOIPEICIIEHHOCTh YCTPAHSIETCS.
[Tone3Ho 3arOMHUTH NPaBUIIO:

C HEOIIpEJACICHHOCThIO BUA (zj, roe f(x) U @(x)
0

0, eciu N<m,

dy
=20 ,ecau N=m,
by

0o, ecii N > M.

. _f(x)
2-t1 mun. PaccMoTpuM mpuMepsl BUaa lim —=
X=X @(X

H606XO)II/IMO Pa3jIoXUTh Ha MHOXHUTCIWM W YUCIUTCIIb, WU 3HAMCHATCIIb I[p06I/I NN AOOMHOXHWUTh H
YUCIUTENb, M 3HAMEHaTedb OpoOM HAa OJHO M TO K€ BHIpAKEHHE, HpuBOIAIiee K (opmysam
COKpaIleHHOro yMHOKeHHus. [Tocie cokpalienus IpoOu HEONPeIeIeHHOCTh YCTPaHETC.

3-it mun. PaccMOTpUM TIpEMeEpPHI ¢ HEONPEIENeHHOCThI0 BUaa (wo—c0). Ecmu (yHKIusA, cTosmas

n n-1
X" +a X" +..+a, X +a, :(fj

x> hox™ + by x™ 4+ by x+b,  \o

0
C HCOMPECACICHHOCTBIO BUIA [6} . B atom cirydae

MO/ 3HAKOM TIpejiesia, MPEACTABISIET COO0OM alreOpandecKyrd CymMmy IpoOel, TO HEOINpeIeICHHOCTh
YCTpaHsETCsl WK MPUBOJUTCS KO 2-My TUIy IOCJIE MPUBEAEHUS apobeit k obuieMy 3HameHareno. Ecnu
yIOMsHYyTasi GyHKIUS NPEACTaBisieT co00i anredpandeckyo CyMMY UPpPalMOHAIBHBIX BBIPaXEHHH, TO
HEOIPEICIEHHOCTh YCTPAHSAETCS UM MPUBOIUTCA K 1-My THUIY ITyT€M JOMHOXEHMS U JIeJIeHUs] PYHKIUU
Ha OJTHO | TO ke (CONMPSHKEHHOE) BRIpaKEHUE, MPUBOAIIEE K (DOpMyIaM COKPAIICHHOTO YMHOKEHHUSI.
ITopsinok BbINOJIHEHUS PadoOThI:

3aaHus pelaroTcs B JII000M MOpsAKe
Xon padoTsI:

1. TMomyuuTs y mpemnojaBaTens 3aJ1aHusl.

2. OdopMuTh perieHre B TeTpaau A NPaKTHUECKUX padoT.

®opma nmpeacTaBJieHUsI pe3yJbTaTa:

Hpe[[CTaBI/ITB BBITTIOJIHCHHBIC 3aJaHW B TCTpAaAU IJI MPAKTHICCKUX pa60T npenoaaBaTeiIto.
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Kputepun onenkn:
3a KaxIbli paBUIbHBIN O0TBET — 1 6ayut. 3a HempaBwiIbHBIH oTBEeT — 0 6amtoB. 90 + 100- otnuuno; 80 +
89- xoporo; 70 + 79- ynoBieTBOpUTENsHO; MeHEe 70- HE YIOBICTBOPUTEILHO

Tema 3.1. Ilpeaes u HenpepbIBHOCTH (PYHKIMH

IIpakTnyeckas padora Ne 14 BeruncieHue npejesoB ¢ NOMOIIbIO 3aMedYaTeJbHBIX IIPeiesoB,
PacKpbITHE Heolpe/ieJJeHHOCTEH.

eab: GpopmupoBanne yMeHHI BBIYUCISITH TPEICIbI (OyHKITHIA.

Bbinosinus padory, Bel Oyaere:

YMETh:

- pacKpbIBaTh BBIYUCIIATH Mpeesibl PYHKINM TPUMEHSSI 3aMeuaTeNbHbIe MPEeeNbl;

MarepunanbHoe obecrnieyeHue:

Pa3znarounsblit MaTepuan (KapTOUKH C 3a/IaHUSIMU).

TexHu4yeckue cpeacTBa 0OYUCHHsSI: KOMITBIOTEp C JUIEH3MOHHBIM IPOTPaMMHBIM 00eCrieYeHHEeM U
MYJIbTUMEAHNA IPOEKTOP

3ananue:

Boruncnuth mpenensl (YHKIMM TpUMEHSAS TMEPBBIA 3aMedaTeNbHBIA Mpeiena WM CBOMCTBO
SKBUBAJICHTHO MAJIBIX BEJIMYUH
4sin2x, b) lim x—>o sm3x C) llmx—>0 1Al'scmx g

BI)IIII/ICJII/ITI) Hpeﬂeﬂm (byHKuI/H/I anMeHsM BTOPOM 3aMe4aTeIIbHbIN IIpeael

) 1 (129 (1) (1 2)" S (20

4—-2n

5arcsin2x

a) hmx_,o ;d) limy,

KpaTRne TCOPETHYECCKUEC CBCACHUSA .

3ameuamenvhbie npeodenvl.
TlepBBIii 3aMeUaTenbHBINA Ipesen: lim X

x—0 X

=1.

N . : 1 , 1
Bropoii 3ameuarenbablil npeaen (4ucio e): I|m[1+—j —e Wik lim(l+y)y =
X—>00 X y—0

st Toro 4to OBl M30aBUTHCA OT HEOMPEICIIEHHOCTH BHJIA (100) HEOOXOAMMO BBIJICTUTH ETYIO

npobu (KoTopast MOJKHA ObITh paBHAa 1) B BBIPAKEHUH, CTOSILEM IIOJ 3HAKOM IIpenena ,KOTOpoe
npeacTaBisier co0oil  cTeneHHo-NoKa3zaTenbHylo (yHkIMio. HeompeneneHHOCTh ycTpaHseTcsl NpU
MIOMOILY BBIJIEJICHHSI BTOPOT'O 3aMEYaTeJIbHOrO Mpeea.

Hanpumep:
k
k\* 1 i
lim(1+—> =1lim(14+0)"=(1") =lim| 1+ 4~ =
X—00 X X—00 X—0 (E)
| ne T -
=11m(1+—) = llm(1+—) =
Y0 y X—0 y
4
n 425*" 4
: 4 — o) — 13 _x\4 _ *Nn __ p4
D Jim (1-3) = @) = hm (10 =l =
2 (n+2) n,z
4n 3 n n
n+2_ o 1 3\3 | _ 3(n+2)_ 1im3n+2_ lim T B
2) 31%(1——) = (1) = lim (1-2) s = M e T
limw 3
fn-o 4 = {4

. x+3\* o
3) lim - ;JJaHHBIH pesien MOKHO BBIYUCIUTH IByMs ClIOcoOamMu:
o PV
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1 cioco6:
Paznenum gucnuTens Ha 3HAMEHATE b BBIJICIIUB IIETYIO YacTh:

x+3x—2
x—21 1 _>x+3_1+ 5 _
5 T x=-2 x—2'
5
X X xz E*x 5x . 5x
limx—mo (g) = limx—mo (1 + xSTZ) = limx—mo (1 + x_iz) 5 = (x—2= llmx—mom —
5x
li —)ooL .
p 1my ;j_%:[llmx_)m%:€5;
2 c1oco0:

HOI[GJ'II/IB YUCIINUTCIIb U 3HAMCHATECIIb I[pO6I/I Ha X, CBeAeM ,I[aHHBII;'I mpeacii K 4aCTHOMY IIPEACTIOB:

x x ) 396
x+3) Ar: 143\ _m(+3) e
lim( ) = lim = lim = X2 s=—=0.
x—m0 \X — X—00 E_z X—®© 1_2 li 1 2 £
T X/ lm(1-3)

[Ipenensr OT HEKOTOPHIX TPUTOHOMETPUUECKUX (PYHKIMI HEOOXOAMMO pemaTh MPUMEHSST IePBbIiA
3aMevaTelbHbIN Mpees WIK 3aKOH SKBUBAJIEHTHBIX BEJIMYMH MpHU yciaoBuu X — 0.
OKBHMBAJICHTHBIMU Ha3bIBAIOTCSI OECKOHEYHO MaJIble BEJIMUUHBI, IPEZIEIT OT MOHATHS KOTOPBIX PABEH
EAVHULIE.
B kypce MareMaTnuecKkoro aHajimsa J0Ka3bIBaeTCs, YTO IIPU OTBICKAHHUH IIPEAEIIa OTHOEHUN IBYX
0ECKOHEYHO MAJIBIX BEIMYMH MOYKHO 3aMEHHTH Ha MPE/Iel SKBUBAICHTHBIX UM BEITUYHNHAM.

o a X N )
(smx X; Sin 3 (3) ; tgx~x ..

2X

in“=
S 2

1) lim

x—0
. X X
B JAHHOM BBIPpaXXCHHUHU MOXKHO sm; 3aMCHHUTL €T0 aprymMecHTOM ; Torz[a PECIICHUC BBIITIAOUT

> » TaK KaK sinx ux Inpu x — 0 ’xBHBajJCHTHEIC OCCKOHECUHO MaJjkIe BCJIMYHHBI, [IOOTOMY
X

CIIEAYIOIINM 00pazoMm:

o X x\? X
sin“ = 5 - x2 1 1
. 2 _ o \2) .4 . s _
lim —= =lim-—=>-=lim—=Ilim|—— | =lim - = —
x-0 X x-0 X x-0 X x-0 \ 4x x—0 4
2Y lim SM9% — sinax ~ ax
x-0sinbx  lsinbx ~ bx
Ilopsinok BbINOJIHEHHS PAdOTHI:
3aaHus pelaroTcs B JII000M MOpsaAKe
Xon padoThr:
1. Tlomyuuts y npenojaBaTens 3a1aHusl.

. ax . a
=lim—=lim-=
x—0 bx x—0Db

(SN S

2. OdopMuThH pernieHre B TeTpaau A NPaKTHUECKUX padoT.

®opma nmpeacTaBJieHUs] pe3yJbTaTa:
[IpeacTaBUTh BBHITIOIHEHHBIC 33/1aHKSI B TETPAIH IS MPAKTUYIECKUX pabOT MPErnoaaBaTelro.

Kpurepun ouenkmn:
3a KaxIbIH paBUIBHBIN OTBET — 1 6aynt. 3a HempaBwiIbHBIA 0TBEeT — 0 6amtoB. 90 + 100- otnuano; 80 +

89- xoporo; 70 + 79- ynoBieTBOpUTENsHO; MeHee 70- HE YIOBIETBOPUTEIHLHO
Tema 3.1. Ilpeaen u HempepbIBHOCTH (PYHKIIMHU

IIpakTuyeckas padora Ne 15 BoiunciieHne 0JHOCTOPOHHHUX Mpee0B, KIacCUPUKALUS TOYEK
paspbiBa
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Heab: dopmupoBaHre yMeHH BBIYUCIATH OJHOCTOPOHHHE Ipeesbl U KiIaccu(UUUpOBaTh TOUYKU
paspbiBa.

Beinosinus padory, Bel Oyaere:

YMETb:

- KJlaccu(pUIMpoBaTh TOUYKU Pa3phIBa;

MarepuajibHoe o0ecnieyeHue:

PazpgaTounslit MmaTepuan (KapTOUKH C 3aJaHUSIMU).

TexHnuueckue cpeacTBa 00y4eHHs: KOMIIBIOTEP C JUIEH3MOHHBIM IMPOrPaMMHBIM 00€CIIeYeHUEM U
MyJIbTUMEANA POEKTOP

3aganue:

1. HccnenoBaTh Ha HENIPEPBIBHOCTH M MMOCTPOUTH TPadUK PYHKIIUH:

N 1 X, X<0,
a) y= ;6) y=3*1+1;8) y(x)={1-x, 0<x<1,
X+1
1
—, Xx>1

Kparkue TeopeTnueckue cBeeHHA:

HenpeprsiBHOCTS (yHKIMH ONpeAenseTcs B TOYKaX, MNPUHAIEKAIUX O00JIacTH ompeaeseHus
byukiun. Ilycts dynkuus f(X) ompenmeneHa B OKPECTHOCTH TOYKH Xo. OTa (YHKIHMS Ha3bIBACTCS
HenpepuléHOU B TOUKE X, €CIIH:

1) cymectByer npeaen lim f(x) ¢pyukiuu f(X) B Touke xo;
X—>Xo
2) 9TOT Ipejielt paBeH 3HAYECHHUIO (PYHKIIUKM B TOUKE Xo.

def
Wnaue rosops, f HenpepbiBHA B TOUKe X, < lim f(x)= f(x). (1)
X—>Xo

HemnpepeiBHocTh  GyHkimu f(X) B Touke xp O3Ha4aeT, 4Tro B JTOW TOYKE CYIIECTBYIOT
OJTHOCTOPOHHHUE IpeJIeIIbl, PABHbIE 3HAYEHUIO (DYHKIMU B 3TOH TOUKE, T.€.

lim f()= lim f(x)=f(x,), (2)
X—>Xo—0

X—>Xg+0
roe  lim f(x)=f(x,+0) — mpaBocroponnuii npegen ¢yukuuu f B Touke xo; lim f(x)=f(x, -0) —
X—>Xq +0 x—>%—0

neBocTopoHHuit ipesen ¢pyukimu f B Touke xo; f(Xo) — 3Hauenue pynkuuu f B ToUKE Xo.

Ecnu ycnoBus (1) wnn (2) B TouKke Xo HE BBIIOJHAIOTCSA, TO TOUKA Xo HA3BIBAETCS MOUYKOU pa3pbléa
byukrpn f(x).

Ecnu cymiecTByroT KoHeuHbIe oHOCTOpoHHHUE mipeaensl f(Xo+0), f(xo—0), mpuyuem He Bce Tpu uucia
f(Xo+0), f(Xo—0), f(Xo) paBHBI MKy COOOI, TO Xo HA3BIBAIOT MOUKOLU PA3PHIEA NEPEO2O POJA.

Ecmu B TOuke paspeiBa Xxp XOTsA Obl ofauH u3 omHocTopoHHHX mpenenoB f(Xo+0), f(Xo—0) He
CYILECTBYET MM OSECKOHEYEH, TO Xo HA3bIBAIOT MOYKOU PA3PblEd 6MOPO20 POOd.

ITopsinok BbINOJHEHHS Pa0OTHI:
3agaHusl pelarTcs B JIF000M MOpsIKe
Xon padoTsI:
1. TMomyuuTs y mpemnojaBaTens 3aJ1aHusl.

2. OdopMuThH penieHre B TeTpaau A NPaKTHUECKUX padoT.

®opma nmpeacTaBJieHUsI pe3yJbTaTa:
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[IpeacTaBuTh BHITIOJIHEHHBIC 3a/IaHUSI B TETPAIN JJIS MPAKTHYECKUX pabOT MpernoaBaTeio.

Kpurepum oueHku:
3a KaIbIil TpaBUILHBIN OTBET — 1 Oaut. 3a HenmpaBmwibHBINA oTBET — () 6ayoB. 90 +~ 100- oTinuuno; 80 +
89- xopomo; 70 + 79- ynoBineTBopuTeNbHO; MeHee 70- HE yI0BICTBOPUTEIHHO

Tema 3.2. IndpepennuaibHoe ucuuciaenne GyHKIUN 0THOI 1elicCTBUTEILHOI MepeMeHHOoi
IIpakTuyeckasi padora Ne 16 BoruncjieHue Npou3BOAHBIX 3JieMeHTapHbIX pyHkiuii. [IpaBuia

Au(ppepeHupoOBaAHNSA

Heab: ¢opMupoBaHre yMEHHIl BBIUMCIATH IPOU3BOJHBIE BJIEMEHTAPHBIX (QYHKIMHA C
MCIOJIb30BaHUEM MPaBUII AUPPEpeHINPOBAHHUS.

Boinosnus padory, Bel Oyaere:

YMETB:
- BBIUMCIIATH IIPOU3BOIHBIE 3JIEMEHTAPHBIX (PYHKIUIA;

MartepuanabHoe odecrneyeHue:
Pa3znarounbiii Matepual (KapTOYKH C 3aIaHUAMH ).
TexHu4yeckue cpeacTBa 0OYUCHHSI: KOMITBIOTEp C JUIEH3MOHHBIM IIPOTPAaMMHBIM 00eCIieYeHHEM U
MYJIbTHMEHA TPOCKTOP
3ananue:
3aganue 1: Halitu mpown3BoaHbIe PYHKIMIA UCTIONB3YS MPABHUIIA BEIYUCICHUS U TAOIHUITY
MIPOU3BOJIHBIX JICMEHTAPHBIX (PYHKITUIA.
1) y=7x*4x3 +5x -2;
2) y= 5\/_ St
3) y—3ctgx+51nx 3X,
4) y=(9+x2)(2x-1);
3
X
5) V=555
3aganne 2: BbuuciuTh Npou3BOAHYIO (QYHKIIUH B TOUKE.
6) f(t)=0,5t+0,6t2+0,8t+8; f (1)-?
7) f(x)=ctgx-tgx; f G) -?
8) f(x)=2-5*+3-¢%; f (0)-?
9) f(x)=cosx:(1+sinx); f (g) -?

e*+1

10) (== f'(1)-?

KpaTKue TECOPETHYECCKUEC CBCACHUSA:

Jana ¢ynkuus y =f(X) koTopas ompenerneHa B HEKOTOPOW OKpPeCTHOCTH Toukd X.IlycTh X3 M X —
3HaveHue aprymenTa, a y1 = f(X1) u y2 = f(X2) —cooTBeTcTBYyIOIIME 3HAUCHHE DYHKITHH.

PazHocTh AX =X-X1 — Ha3bIBaeTCs MPHUPAICHHEM apryMeHTa, a pasHocTh Ay = yo-y1 = f(X2)-f(X1) —
npuparieHie GyHKIHH Ha [X1; Xo].

Jf: mpomsBogHoit QyHkmmu y =f(X) mo aprymeHTy X Ha3bIBalOT KOHEYHBIA TIpenesl OTHOLICHUS
npupanieHust QyHKIHUU K MPUPALIEHUIO apIyMEHTa, KOT/a MOCIEIHUI CTPEMUTCS K HYIIIO
, LA F(x+HAX) - F(X) _dy.

y'= lim —=Iim X
a——0 Ay &0 AX dx
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HaXOXJCHHUA TPOM3BOAHOM  HaszbIBaeTcs  AuddepeHurpoBaHueM. | eomerpuyueckas

Onepanus

MIPOM3BOIHAS TIPEICTABIISIET COOOM YIiTOBOM KOAhDUIIMEHT KacaTelbHOU K rpaduKy QyHKITUN
y="f(X);re. y=1f(X)=k=1tgc.
OU3NYEeCKUil CMBICI TPOU3BOTHON MOXKET OBIThH OIPEeNICH Yepe3 MTHOBEHHYIO CKOPOCTD:

Jlist BBIIOTHEHUS JJAHHOW paboThl HE0OX0AuMa TabauIa
Tabnuia npon3BOAHBIX OCHOBHBIX JIEMEHTAPHBIX (DYHKITHH.

nyrs n-1 X\/ X X\ X
(x") =nx (e*) =e (@) =a*lna (Inx)’i (log, x)' = 1
X xlna
(sin x)" = cos x (cos x)' =—sin x 1 , 1
tgx)’ = tgx)' = Wx) =—
(t9%) cos? X (tgx) cos? 2x
.¢'=0,c — const; x =1; (cu)y=c-U
(utv)' =u'+v (u-v)'=uv+uv Y uv_u (¢ o'
' - = 2 - = — 5 V(X)¢0
(Uvw) = u'w +uv'w + uww’ v vi L\ v

Pemrenne THIIOBLIX 3a7a4:
3aganue 1: Haiitu npousBoaHble GYHKIMI UCTIONIB3YS MPAaBHUIIa BHIYUCICHUS U TAOIHIy TPOU3BOIHBIX

QJICMCHTApPHBIX (byHKHHfI.
1 y=6x"-8x*+2x*-4
y' = (6x* —8x® +2x* —4)' = 24x® — 24x* + 4x;
o Y =(5x—4)*(x+2)
u=5x-4; u'=5

y' =(bx-4)(x+2))' =v=x+2; v'=1 |=
(u*v) =uv+uv

=5(x+2) +1(5x — 4) =5x+10+5x — 4 =10X + 6

X+1
y=——-
3. X
1, =Xl u=5 1.-2x-2 1) 2x-2x-2
’:(X;) =lv=2x; vV =2 |= eX— (2X+): X ;(_ =
2X , (2x) 4x
uy) _uv-u
v v?
_-2__ 1.
4x*  2x?’

3aganue 2: BoruncnuTh Npou3BOAHYIO QYHKIIUU B TOUKE.
y=3x>-8x*+9x* -4

1)
Yy (-1)=3-(-1)° -8 (-1)*+9(-1)?-4=-3-84+9—4 = —6.
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) V= 5Sin X Cos X

y' (g) = 5((sinx)’ - cosx + sinx(cosx)") = 5(cos?x — sin’x) = 5(cos2x) = 5(cos2 g) = 5cosm =
5-(-1)=-5
ITopsinok BbINOJHEHHs padOThI:
3agaHusl pelarTcs B JIF000M MopsIKe

Xox paboThi:
1. Tlomyuuts y npenogaBaTesns 3a1aHusl.

2. OdopMuTh pemieHre B TeTpaau IS MPaAKTHUECKUX padoT.

(I)opMa NnmpeacraBjJacHusd pedyjabTara:
Hpel[CTaBI/ITB BBIITIOJIHCHHBIC 3aJaHW B TCTpaAn IJI NPAKTHICCKUX pa60T npenoaaBaTeiIto.

Kpurepumn oneHku:
3a KaxIbli TpaBUILHBIN OTBET — 1 Oasul. 3a HenpaBmwibHBIA 0TBET — () 6aymmoB. 90 +~ 100- oTinuuno; 80 +

89- xopoio; 70 + 79- ynoBieTBopuTensHO; MeHee 70- He yI0BIETBOPUTEILHO

Tema 3.2. luddepennuanbHoe ucHucJaeHue PyHKIMU OTHOM NelCTBUTEILHOI MepeMeHHOM
IIpakTuyeckasi padora Ne 17 Boiunc/jieHue MPOU3BOAHBIX CJOKHBIX QyHKIMTA

Hean: hopMupoBaHre YMEHUM BBIYUCISATH TPOU3BOAHBIC CIOKHBIX (PYHKITUH.

Brinosinus padorty, Bel Oynere:

YMETb:
- BBIUUCIIATD IPOU3BOIHBIE CIIOKHBIX (DYHKIIMIA;

MaTtepuajbHoe obecnieyeHue:

PaznaTounblif MaTepual (KapTOUKH C 3aJaHUSIMH).

TexHuueckue cpencTBa 0OydeHUs: KOMITBIOTEDP C JUIIEH3MOHHBIM MTPOrPAaMMHBIM 00eCIIeYeHuEM U
MYJIbTUMENA IPOEKTOP

3ananne:
3ananme 1: Haiitu npousBoaHble QYHKIUH, HCIIOIB3Ys IPABUIIA BEIYUCIECHUS M TaOIUILy TPOU3BOIHBIX
CJIO’KHBIX (DYHKIMH.

3aganue 2: BoruncauTh Npon3BoAHYIO QYHKIUU B TOUKE.

«BapuaHTsI 3a1aHUI»

3amgaauneNel 3amanmeNe2
1)y = (mx* +4)° 2)Y=m*005(p><k—m); y'(1)=?
3y =(e™" +kx) 4)y = ktg(mx®). y(-1)=?
5)y =127 6)y =ctg(PX —MH). 99
7)y = In(x* + px™) 8)y =ymp* +kx. yr(.2)=7
9)y =log, (mx+k) _ (aPxkyx [y P ,
10)y = (") *Vx® + mx © Y(3)=?
1)y = p*sin(kx+m) _In(px")
12)Y = o cosmx - Y (-3)=7

I'me p —umcno OyKB B UMEHH; M — YHCIIO OYKB B (haMHJIMKA; K — YKCJIO OYKB OTYECTBA.

Kpartkne Teopernyeckne cBegeHHs:
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[Mycte y=f(u) m u=u(x) — muddepeHupyemble (GYHKIUM U OINpEICICHA CIOXKHAS (QYHKIIHS
y=f(u(x)). Torma cioxuas Gyukius quddepeHIrpyemMa U paBHA TPOU3BEACHUIO MPOU3BOAHON GYHKIIUU
y=f(u) B Touke U=U(X) u npousBoaHOH pyHKIMH U=U(X) B Touke X, T.e. y'=f'(u)-u’.

Ecmu y=f(x) — muddepenmupyemMas ¥ CTPOro MOHOTOHHAS (DYHKIUS HA MPOMEXYTKE X, TO
dbyHKIMSA, oOpaTHas K JaHHOW x=¢()y), Takxke muddepeHiupyemMa u €€ MPOU3BOMHAS OMPEICIIIeTCS

COOTHOIIIECHUEM: X’y =

i,, y, #0.

Yx

J11s1 BBIMOJTHEHUS TAaHHOUW paboThl HeoOxoauma Tabauna qudGepeHInpoBaHus CI0KHBIX (QYHKITUN
dopmyibl auddepeHTupoBaHUS

No CnoxxHbie QyHKITUH

1 | @")=nu" 6 (sinu)' =cosuu’

2 | (e") =e"v 7 (cosu)' =-sinu-u’

3 Uy = g ' 8 , 1, u’
(@) =a"lnau (tgu)’ = ———u' = ——

cos* X cos®u

4 1 u’ 9 1 u’
Inu)==u"=— ctgu)’ =— r—_
(Inu) u u (ctgu) sin’u In®u

5 1 u’ 10 1 u’
log, u) = u'= - T =
(log, u) ulna  ulna () 2\/6u 2Ju

Pemenue TUIIOBBIX 33724

Haiinure mpou3BOAHYIO CIEIYIONTUX (PYHKITAN:

) y=(2%x%—4x)";
2) y=+vx*-1;

3) V= sin(2x—x*)

4) y=6In5x

1) Jns pemenus ucnoib3yem Gopmymy Ne 1
y = ((2x3 —4x)7) = 7(2x3 — 4x)% - (2x3 — 4x) =

=702x3 —4x)% - (6x% — 4) = (42x% — 28)(2x3 — 4x)°.

2) Pemenue npoBeném no popmyine Nel0

1 2x
=Wx2 -1 =—— (x* - 1) = ——.
y = ) 2Vx2 —1 ( ) 2Vx2 —1

3) Ipumenum popmyy Ne 6:
y'(sin (2x — x2)) = cos (2x — x?) - (2x — x?) = (2x — x) - cos (2x — x?).

4) Bocnonbzyemcst hopmyitoit Ne4:
y'=(6In5x)" =6(In 5x)’ =6-5i . (5x)’:ﬁz
X

6
5X X

ITopsinok BbINOJIHEHHUsI padOThHI:
3agaHusl pelarTcs B JIF000M MopsiaKe
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Xox padoTsI:
1. Tlomyuuts y npenojaBaTesns 3a1aHusl.

2. OdopMuUThH penieHre B TeTpaau Al MPaKTHUECKUX padoT.
®opma npeacTaBieHus pe3yabTara:

Hpel[CTaBI/ITB BBIITOJIHCHHBIC 3aJaHW B TCTpaAn OJId IPAKTHICCKUX p360T npenoaaBaTeiIro.

Kpurtepuu onenkn:
3a KaxIbli paBUIBHBIN O0TBET — 1 Gayut. 3a HempaBwibHBINA oTBEeT — 0 6amutoB. 90 + 100- otnuuno; 80 +
89- xoporo; 70 + 79- ynoBieTBOpUTENLHO; MeHEe 70- HE YIOBICTBOPUTEIEHO

Tema 3.2. IndppepennuaibHoe ucunciaenne GyHKIHU OTHOI JAeliCTBUTEILHOI NepeMeHHOMH
IIpakTnyeckas padora Ne 18 IIpousBoanbie u 1uddepeHnnaibl BoICIIUX nopsiakoB. [IpaBuiio

Jlonmurajs
Heab: popMupoBaHue yMEHHIA BEIYUCISATH POU3BOAHBIC (DYHKIIHI BBICIIUX MOPSIKOB .

Boinosinus padorty, Bel Oynere:

YMETh:
- BBIUUCIIATH TIPOU3BOHBIC (PYHKIIUI BBICIINX MOPSIKOB U IPUMEHSTH IpaBuiio Jlomurans ;
MarepuanabHoe odecrneyeHue:
Pa3znarounbiit Matepual (KapTOYKH C 3aIaHUAMU ).
TGXHI/I‘IGCKI/IG CpeI[CTBa O6y‘-ICHI/I$II KOMHI)IOTep C JIMOCH3UOHHBIM HpOFpaMMHI)IM O6CCHC‘ICHI/I€M n
MYJIbTHMEIHA IPOCKTOP
3aganue:

1. Haiigure Y” ot cnenyrommx GyHKumii

1)y = (mx* +4)° 2)y =m*cos(px* —m)
3)y = (™ +kx) 4)y = ktg(mxP)
5)y =127 ™ 6)y = ctg (px“ —mx)
7)y =In(x* + px") 8)y =/mp* +kx
9)y =log, (mx+k) 1O)y:(epx+k)*m
1)y = p*sin(kx+m) 12)y = In(px")

k * cos mx

rae p —uucio OykB B UMEHHU
M — yucio OykB B pamMuiinu
k — gucno OykB oTdecTBa

. . Al+x+In(l+x . eXq4e -2
2. Haiitu npepensi, ucnonb3ys npaBuwio Jlomurans: a) Ilmé; 0) lim——— B)
x—0 X x—0 X

2

. X
lim —-
X‘”"Iniex +1i

3. BbI4uCIHMTH NPUOIMKEHHO a) 11; 6) e,
Kparkue TeopeTnyeckne CBeIeHHsI:

[Tpon3BoiHOI BTOPOTrO MOPsiIKA (BTOPOM MPOU3BOAHON) HyHKIUK
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y = f(x)Ha3pIBAIOT TPOU3BOIHYIO OT €¢ MPOU3BOJHOW. BTOpyr0 NpOM3BOAHYIO 0003HAYAIOT TaK:
2

d-y

y", w —-, ww f"(x). Ecma § = f(t) — 3akOH NPSAMOJIMHEHHOTO IBW)KCHHS TOYKH, TO BTOpAs
X

d*S
OpOU3BOAHAA ITYTH 110 BPEMCHHU F CCTh YCKOPCHHUE 3TOI'O ABHMIKCHMA.

[TpousBoanas Tperbero nopsaka pyukuun Y=F(X) ects mpou3BoaHAas OT IPOU3BOIHOM BTOPOrO MOPSIIKA:
m A4
y"=(y").
Boo06iue, mpon3BoaHO# N-ro nopsiaka GyHKIUN Y = f(X) Ha3bIBAIOT MPOU3BOIHYIO OT IPOU3BOIHOM
n

(n) (n)

.O603HauaOT N-20 MPOU3BOAHYIO TaK: Y'~, WIH

(n — 1)-ro mopsiaka: y 2/, um (™ (x).

[Tpon3BoIHBIC BBICIIUX MOPSIAKOB BRIYHCISIOT MOCIEAOBATEIbHBIM AU GEPSHIIUPOBAHUEM JaHHON

byHKIHH.
Pemrenue THIOBEIX 3a1a4:

BbrunciuTe npou3BOIHYIO TPETHErO MOPSAIKA OT CICIYIOMIMX () YHKITUI:
1) y=6x*-8x>+2x*-4;
2) y=(05x-4)*(x+2);
3) y=2*,
X
1) y' = (6x" —8x> +2x* —4)' = 24x® — 24> + 4x;
y" = (24x% — 24X% + 4X) =T2x* —48x + 4; y" = (72x*> — 48x + 4)' =144x — 48.
u=5x—-4; u'=5
2)y=(Bbx—-4)(x+2)) =v=x+2; Vv =1 |=
(u*v) =u'v+uv’

—5(x+22)+1(5x 4) =5x+10+5x—-4=10x+6.
10x + 6 0

Y =10 = 0.

1y [T XL =S o(x41) 2x—2x_2
,:[x+ j o vieo |Z12x— (X+1) 2x—2x-—

o B (2x)2 B 4x2
4x? __2x2 '

u)y u'v—uv’
v v?
/

=[] =3 Y =3B =
X X

4 1 —, — 3 .
RS IR )

Ilpasuno Jlonumans coctouT B cienytomeM. I[Ipenen oTHoOmeEHUs IBYX OECKOHEYHO MAaJIbIX WITH
OecKkOHEYHO OONbIIMX (YHKIHMA paBeH Mpeely OTHOIIEHUS WX MPOU3BOAHBIX (KOHEYHOMY WIIH

OECKOHEUYHOMY), €CJIU MOCIEIHHUH CYIIECTBYET B YKa3aHHOM CMbICIE: lim LX) = lim f,(x) .
X=Xy () g(X) x—%() g (X)

o 0
Takum o6pa30M, IMpaBUJIO Jlonurans HUCIOJIB3YCTCA IJIA PACKPBITUSA HECOMPCACICHHOCTCHU B A (6)

s (gj
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THonsmue oughghepenyuana gpynxyuu
IMycts ¢yukuus y=f(X) ompenenmeHa Ha mpomexyrke X u auddepeHmupyemMa B HEKOTOPOU

. A
OoKkpecTHOCTH TOYKH x € X. Toraa cymecTByeT KoHE4YHast IPOU3BOAHAA lim A_y = f'(x).
Ax—0 AX

Ha ocnHoBanum TEOPEMEBI O CBA3U OECKOHEYHO MaJIbIX BEIUYHH C npeaciamMu (bYHKI_[I/Iﬁ MOXHO

3aInucaThb %: f'(X)+a(Ax), rTae a(AX)— OeCKOHEUYHO Majas BeIWYMHAa TpH AX—0, OTKyJa
X

Ay = '(X) - AX+ a(AX) - AX.

Takum oOpa3oM, mnpupamieHue QyHKIUM Ay COCTOMT W3 JBYX cjaraembiX: 1) JIMHEHHOro
OTHOCHUTEIILHO AX ; 2) HEIMHEHHOTO (IIPEICTaBISAIONIEr0 OECKOHEYHO Mallyi0 00Jiee BHICOKOTO MOPSIIKA,
4eM AX ).

Huppepenyuanom ¢ynxyuu Ha3bpIBaeTCA INIaBHAs, JIMHEHHAsE OTHOCUTENIBHO AX 4aCTh HPUPALLCHUS
¢GbyHKIMK, paBHas TMPOU3BEICHHUIO IPOU3BOJAHOM HA TPHUpAIICHHWE HE3aBUCUMOW TEPEMEHHOI:
dy = f'(x)-Ax.

[Mpumep. Haiiti npupamienue u quddepennuan GyHkuuu y=2x* —3x npu x=10u Ax =0,1.
Pemenue. [Ipupamenne GpyHxmmun

Ay = f(x+Ax)— f(X) :[2-(X+Ax)2 —3-(x+Ax)]:Ax-(4x+2Ax—3).

Huddepennnan pyaxmun dy = f'(x)-Ax = (4x—3)- Ax.

[Mpu x=10n Ax =0,1 umeem Ay =372 u dy=3,70.
Hugpgdepenyuan nezasucumori nepemennoli paBeH NPUPAILCHNIO 3TON IIEPEMEHHOM: dX = AX.
[Tostomy dopmyny s auddepeHpoBanus GyHKIUH MOKHO 3amucaTh B Buze dy = f'(x)-dx.

Ceoticmea oughgepenyuana B OCHOBHOM aHAJIOTHYHBI CBOWCTBAM MPOU3BOTHOM.

1. dc=0, 20e c=const. 4. d(uv)=v du+u dv.
2. d(cu)=cdu. 5 d(gj:vdu—u dv

v v2
3. d(utv)=du +dv.

Ilpumenenue ougppepenyuana 6 nNPUOIUACEHHBIX LIYUCTEHUSX

W3 u3110)KE€HHOTO BBIIIE CIICTYET, YTO MpUpaiieHne QyHKIuN Ay omimdaetcs ot e€ nuddepeniuana
dy Ha OECKOHEUHO Mallyl0 BeJIMYMHY Ooyiee BBICOKOTO Topsiaka, dyem dy=f'(x)-Ax. Ilostomy mpu
JIOCTaTO4YHO MaJIbIX 3HAYEHUAX AX Ay =~ dy U f(x+AxX)— f(X) = f'(X)- AX, OTKyza

f(X+AX) ~ F(X)+ F'(X)- AX.

Uem MeHblIIe 3HAUEHUE AX , TEM TOUHee hopmya.

JlanHyto (GopMylly MOKHO HCIIOJIb30BaTh JUIsl BHIYMCIIEHUS NPUOIMKEHHBIX 3HAUEHUH HEKOTOPBIX
BBIpQXEHUI, HaIpUMep: a) BBIYMCIIEHUE KOpHS N-if cTeneHW; 0) BO3BEIEHHE YucCia B N-70 CTENEHb; B)
BBIUHCJICHHE 3HAUEHUSI TPUTOHOMETPUYECKON PYHKIMHU, U T.1.

[Tpumep. Beruucnuth npubamkeHHo $/16,64 .

Pemenue. PaccmatpuBas Boiie 3amucanHyro hopmyny f(x+Ax)~ f(x)+ f'(x)-Ax, B Ka4yecTBe X BO3bMEM

gycIIo, Hanbosee 6mi3koe K 16,64, HO uTOOKI OBIT U3BeCTeH 4/X , IPH A3TOM AX JIOJIKHO OBITH JOCTATOUHO
MabiM. OdeBHIHO, ciieyeT B3sATh x=16, Ax =0,64.

s

4
Urak, 416,64 ~ 416 +4i1% .0,64 =2,02.

IMopsinok BbINOJIHEHHUSI PAa0OThI:
3amaHus pemaroTcs B JIIOOOM MOPSAKE
Xoxa padoThI:
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1. TMonmyuwTs y mpernomaBaTens 3aIaHusl.
2. OdopmuTs pelieHne B TETPaIu I MPAKTUUECKUX PadoT.

®opma npeacTaBiaeHus pe3yJibTaTa:
[IpencraBuTh BHITOTHEHHBIC 33JJaHUS B TETPAIU JIUIS IPAKTHUECKUX PA0OT MPETOIaBaTeIo.

Kpurepumn oueHku:
3a KaKIplil TpaBUILHBIN OTBET — 1 Oasut. 3a HenpaBwibHBIA 0TBET — 0 6aymoB. 90 +~ 100- oTinuuno; 80 +

89- xopomo; 70 + 79- ynoBineTBOpuTeNIbHO; MeHee 70- HE yI0BIETBOPUTEIHHO

Tema 3.2. ludgdepenuuanbHoe ucuucjienne GyHKIUM OHOM AeiiCTBUTEILHON NepeMeHHOi
IIpakTuyeckas padora Ne 19 IMosnoe uccienosanue pynkuun. [locrpoenue rpadpuxon

Heab: popmupoBaHre yMeHUI BBIYUCIATH IPOU3BOIHBIE (DYHKIIUN BBICIINX MOPSIIKOB .

Beinosinus padorty, Bel Oynere:

YMETB:
- BBIYUCIIATH POU3BOIHBIE (PYHKIUI BHICIINX MOPSAKOB U IPUMEHSTH IpaBuiio Jlonurans ;

MatepuajibHoe o0ecnieyeHue:
Pa3narounsblii Matepuai (KapTOUKH C 3a1aHUSAMH).
TexHuueckue cpencTBa 00yueHHs: KOMIBIOTEP C JMIIEH3UOHHBIM IPOrPaMMHBIM 00€CIIeYeHUEM U
MYJIbTHMEINA IPOSKTOP
3aganue:
1) HUccnenyiite QyHKIHIO U IPOCTPOITE ee rpaduk.
f(x)=x*-2x*+2;

2) [IpoBenuTe monHOE UccneaoBaHue GYHKIUN U MOCTPONTE UX rpaduKu

y:ix5 _O% hox
10
3) [Toctpoiite rpaduku 1poOHO- pallMOHANBHBIX (YHKINN
_x—25
T x%-4

Kpartkne Teopernyeckne cBegeHus:

[ToHATHE POU3BOAHOI MMO3BOJISET MPOBECTH MOJIPOOHOE HccieoBaHNe (DYHKIMI ¢ 11enbio Ooee
TOYHOT'O OCTPOCHUS UX TPaPHUKOB.
PaccMoTpuM paciimpeHHbId aIrOpUT™M UCCIe10BaHNs ()yHKIMA:

1) HaiiTu oOnacTs onpeaeneHus QyHKINY,

2) mccnenoBarh (PYHKIMIO Ha YETHOCTh U HE YETHOCTH;

3) HalTH BEpTHKAIbHBIC ACHMITTOTHI;

4) uccnenoBarh MoBeACHUE QYHKIMA B OECKOHEYHOCTH, HANTH TOPU3OHTAIBHBIC WM HAKIOHHBIC
ACHMIITOTHI,

5) HalTH SKCTPEMYMBI M HHTEPBAJIBI MOHOTOHHOCTH (DYHKIIHH;

6) HalTH MHTEPBAJIBI BBIMYKJIOCTH (QYHKIIMU U TOYKH Teperuoa;

7) HalTH TOYKM TEPECEUYCHUS C OCIMH KOOpPAWHAT M, BO3MOXKHO, HEKOTOPHIE IOTOIHHUTEIbHBIC
TOYKH, YTOUHSIOIIHNE IpapuK PyHKINH;

8) moctpouts rpaduk GUKIKM.

»Ecmu i GYHKIUM BBIMOJHSETCS paBeHCTBO f(—x) = f(x), To maHHas (QyHKIUs SBISETCS
yetHOW. CrenoBarenbHO, rpaduK GYHKIUU CUMMETPUYEH OTHOCUTENbHO ocu (OY).

»Ecmu i GYHKIUU BBIMONHSETCS paBeHCTBO f(—x) = —f(x),, To naHa (QyHKUUS SIBISIETCS
HeueTHOU. CrnenoBarenbHO rpaduk GyHKIIUA CHMMETPUYEH OTHOCUTENbHO Havasa koopauHart (0;0)
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"Ecmu f(—x) # f(x), u f(—x) # —f(x),, To nanHas QyHKIMS ABJISETCSA PYHKIUCH OOIIETo BUIA
U CBOMCTBOM CUMMETPUYHOCTH JaHHAs PYHKIIHS HEe 00agaeT
= YT0OBI HAWTH BEPTUKAIbHBIC ACHMIITOTHI HY>KHO:
a) HaiiTi 3HaueHKe X He PUHA IC)KAIINE 00IaCTH ONPEICIICHHUS, T.C. YCTAHOBUThH TOYKH pa3phiBa.
lim u lim
0) Beruuciaute X0 XX+
(cnesa)  (cnpasa)

U €CIIH XOTs Obl OZIMH U3 HUX PABEH 00, TO MPSAMast X = X,— BEPTHKAJIbHAs ACUMIITOTA.
* Yr00BI HAMTH FOPU3OHTAIBHBIC ACHMIITOTBI HY)KHO:
a) Beraucauts lim f (x); Ecou lim f(X) =Db, to
X—>0 X—0

Y = b —TopuU30HTalbHAs ACUMIITOTA.
= YT0OBI HAWNTH HAKJIOHHBIC ACUMIITOTHI HYXHO:

a) Beraucauts k = lim f(x)

X—>+o0 X

0) Boruucours b= lim (y —Kkx)

X—>to0
B) 3ammcaTh ypaBHeHHE Y = kx + b
r) [locTpouTts rpaduk JaHHON IPIMOI
= [IpaBuno Jlonurans:
Ecnu umeem, uro, lim——= f(x) [gj unu (f} mo lim F(x )—I re.
25 900 A0 o) e g

Pemenue TMIIOBBIX 3a7a4.

X3

27

1) Vccnenyiite hynkuuto u noctpoiite eé rpadguk y =

DI y=4-x* 20= x# 12 = X e (~0,-2) U (=2;2) U (2;+0).
2) f(=x) = (-x)? _ X

A—(—x)? 4 —f(X)= nanmas Qynkuus HeueTHas M ee TpaQUK CHMMETpHMYEH

OTHOCHUTeNbHO Hayana koopauHar (0;0).
3) Tak KaK x— 2;x — —2 TOUKH Pa3pbIBa, TO BBIYHCIUM CIIEAYIOIIHE TIPEIEbL.

-0 2
2% 4—X CJIeIOBATENbHO, MpsiMasi X=2 — BEpTUKaJIbHAasl ACUMIITOTA.

. X
lim 7 =P CJICAOBATCIILHO, IpAMAA X= — 2— BEpTUKAJIbHAA aCUMIITOTA.

4) Haiinem HakJIOHHBIE ACUMITOTHI
3 2

X X
f(x i X’ G R |
= lim L8 | 4| i ~|=lm——=lm—*— = lim — =-1
oo X s K| o\ x(d=) | edxE w4 X o 0-1
X X
. : x> ¢
= lim (f(x)-kx)=lim| ——+x = lim —— =0
X—>+00 x—owo | 4 —X x—+0 4 — X

3anuuiemM ypaBHEHHE NpsAMon y= — X+0, T.e. y=-X —HaKJIOHHAsI ACUMITOTA.

5) Haiinem uHTEpBabl MOHOTOHHOCTH M SKCTPEMYMBI (DYHKIUH.
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£1(x) = X ) x*12-x%)  x*(2v3-x)(23+x)
la-xt) @-x®)? (4—x?)? ’
Haiinem nynu ¢pyHkuuu.

X*(23-0@B+%) _ {x?(zﬁ —X)(2v/3+x) =0

2y2
(4-x7) 4-x*#0
X=0 — KOpeHb YETHON KPAaTHOCTH, ClIeJIoBaTeIbHO, X=0 TOuKa rnepernda QpyHKIuu.
x=243; x=-2v3
-, + + —

N e AN
_rznﬁ Enﬂgx

f(2+/3) =3/3~-5.2; f(—2+/3) =343~ 5.2.

CocTaBum Ta0nHILy.

Ta6muma 1
Bospacranue, yosiBanue QyHKIHH

X (—0—2+/3) ~23 (-24/3,0) 0 (0;24/3) 23 (2V3;+0)
f'(x) - 0 + 0 + 0 -
f(x) YoniBaeT 33 BO3pacTaeT 0 BO3pacTaer -3J3 yOBIBaeT

6) OnpeenuTh MHTEPBAE! BHITYKIOCTH.
3y 2019 _ 2 ’ 2
£7(x) = X | - X“ (12 2x =8x(12+2x3);
4-X (4-x (4-x%)
2 8x(12 + x* =0
£7(x) = 0: 8x(12+2x3):0:> x(12+x° X
(4-x7) 4-x*#0 x#42

pp— + — y

-2 0 .

Tabmuma 2
BBIyKIIOCTH, BOTHYTOCTH (DYHKITUH

X (—0,-2) -2 (-2,0) 0 (0,2) 2 (2;+ o0)
f'(x) + 0 + 0 + 0 -
f(x) Bemykna | Hecym. | Bemykia | Hecym. | Bemykna | Hecym. | Beimykna

BHU3 BBEpX BHU3 BBEpX

7) Toctpoum rpadguk ByHKIHH.
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Ilopsinok BbINOJIHEHUs PadOTHI:
3ajaHus peuaTces B JII000M HOpsiIKe
Xon pa6oTsi:
1. TMomyuuTh y mperoaBaTess 3a1aHusl.

2. OdopMuUThH pemieHre B TeTpaau Il MPAKTHUECKUX PadoT.

(I)opMa NMpeacraBjJacHus pedyjabTara:
HpeI[CTaBI/ITI) BBIITIOJTHCHHBIC 3aJaHu B TCTpaan AJI NPAKTHICCKUX pa60T npenoaaBaTeiIto.

Kpurtepuu onenku:
3a Kax/1blil IpaBWIbHBIN 0TBET — 1 Gamy. 3a HenpaBuiabHBINA 0TBET — 0 6amioB. 90 + 100- otuuHo; 80 +

89- xopoo; 70 + 79- ynoBieTBOpUTENLHO; MeHEe 70- HE YIOBICTBOPUTEIIEHO

Tema 3.3. UuTerpajbHoe ucunciaeHue PyHKIUU OHOI JelicTBUTEIbHOI MepeMeHHOi
IpakTnyeckas padora Ne 20 UnTerpupoBanue 3aMeHoii nepeMeHHOIi B HeolpeaeJIeHHOM

HHTerpa’e

Hean: dopMupoBaHre yMEHUHN BBIUMCIATH HEONPEIACIEHHBIC MHTErPAIbl 3aMEHOM MEepEMEHHOM.
Boinoinus padorty, Bel Oynere:

YMETh:
- BBIUUCJIATh HEONPEIEIEHHBIE HHTETPANIbl 3aMEHON ITEPEMEHHOM;

MarepunanbHoe obecniedeHue:

Pa3znarounsblii Matepuan (KapTOUKH C 3aIaHUSMH).

TexHuueckue cpencTBa 0OyueHUs: KOMIBIOTEP C JHMIIEH3UMOHHBIM MPOrPaMMHBIM OOecrieueHHEeM U
MYJIbTUMEAHNA TPOEKTOP

3aganme:
BI)I‘-II/ICJ'H/ITB I/IHTeraHBI I/ICHOJ'IBSYSI METOA MOACTAHOBKHN
1
1 f(3 + 5x)*dx; 6 L;
0 v3x+1
1
2 f\/x+2dx; ! f V1= x dx;
0
3 f dx 8 3 2xdx
(B3x + D’ o V6t 22
4 i; 9 % cos xdx .
V3x+5 fz 1+sinx’
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Wiy

5 dx _ 10
cos2(1-2x)" f e %S% sin xdx.
0

KpaTRne TECOPETHYCCKUEC CBCACHUSA .

Crioco0 mocTaHOBKH(3aMEHBI TIEPEMEHHOI ) 3aKITFOYASTCS B CIICAYIOMIEM:

—3aMEHSIOT  HOBOW  TIEPEMEHHOW  TaKyl0  4YacThb  MOABIHTErpaNbHOM  (QYHKIHUH, MpH
G depeHIIMPOBAHUK, KOTOPOW IMONTYYaeTCs OCTaBIIASCS YacTh IMOABIHTETPAILHOTO BBIpKEHUS (HE
CUMTasi MOCTOSTHHOTO MHOXKUTEJS);

—TyTeM BBEJCHHUS HOBOW MEPEMEHHOW WHTETPUPOBAHUS YIACTCS CBECTH 3aJaHHBIA HHTErpal K
HOBOMY MHTETPAy, KOTOPBI CPABHUTEIBHO JIETKO BHIYUCIISETCS HEIOCPEICTBEHHBIM HHTEIPUPOBAHUEM;

—B TMOJIYYEHHOM Pe3yJbTaTe MPOU3BOIAT OOPATHYIO 3aMEHY, T. €. IEPEXOMAAT K CTApOH MepeMEHHON
MHTErPUPOBAHUS.
Permrenyie TUOBBIX 3aIaHUI !

HaﬁTH HCOHpeI[eJIeHHLIe I/IHTerpaJIbl METOAOM ITOACTAHOBKHU:
1) [(Bx — 2)*dx;
5xdx
2 .
) f x2+7’

3) [ sin12xdx;
4) fexzxdx;

1) f(3x —2)*dx; Jlna Toro uTOOGBl MPUBECTH JTOT MHTErPal K TaGIMYHOMY, BBEIEM HOBYHO
nepemennyio: 3x — 2 = t. [Ipoauddepenimpyem obe yactu paBencta d(3x — 2) = dt
(3x —2)dx = dt
3dx = dt
. . . . dt
Bripazum nuddepeniman crapoit mepemeHHoON Yepes quddepeHIran HoBOH nepeMeHHon: dx = 55
Pemenue sToro npumepa opopmiisieTcs Tak:

3x—2=t
d(3x —2) =dt
- 4 = 3x—2’dx=dt = = 4£=l 4 =li =£ ==—(3x_2)5
[Bx —2)*dx = |( 3dx)=dt Jtrs = ttdt=5-T+c=+c ——+c
dx =%
3
x2+7=m
d(x®>+7) =dm .
S5xdx xdx 2 ! -5 1 rdm
2) fx2+7 Sfx2+7 (x szi :xdm m|=5{ 2 5 < 2,5In|m| + ¢
xdx =d7m
25Inx2+7+c;
12x =t
d(12x) = dt
3) [ sin12xdx = |(12x)'dx = dt| = [sin t% = 1—12fsin tdt = %(— cost) +c¢ =
12dx = dt
dx =&

12
1
-5 cos(12x) + c;
IHopsiaok BbINIOJIHEHHUS PA0OTHI:
3amaHus pemaroTcs B JJI000M MopsiIKe
Xoxa padoThI:
1. TIMomyuuts y mpenojaBaTesns 3aJ1aHusl.
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2. OdopmuTs peiieHne B TETPaIu s MPAKTUUECKUX PadoT.

®opma npeacTaBiaeHus pe3yJibTaTa:
[IpencraBuTh BBHIMOTHEHHBIC 3aJaHHS B TETPAIHU JIJIS IPAKTHUECKUX PabOT MPEIo1aBaTelIto.

Kpurtepuu onenku:
3a KaxIbIi paBUIbHBIN O0TBET — 1 Gayut. 3a HempaBwibHBINA oTBEeT — 0 6amtoB. 90 + 100- otnuuno; 80 +

89- xopomo; 70 + 79- ynoBineTBOpuTENIbHO; MeHee 70- HE yI0BICTBOPUTEIHHO

Tema 3.3. UnTerpajibHoe HcuucjaeHue (PYHKIUH OHOM 1eiicTBUTEIbHOM NMepeMeHHOM’
IIpakTuyeckasi padora Ne 21 UHTerpupoBaHue 1o 4acTsM B HeolpeaeJJeHHOM HHTerpaJie

Heab: dopmupoBaHre yMEHMM  BBIYHUCIATH  HEONpPENENEHHBIE  HMHTErpajbl  METOJOM
UHTErPUPOBAHUE TI0 YACTSIM.

Beinosinus padorty, Bel Oynere:

YMETB!
- BBIYMCIIATh HEOIpeeIEHHbIE HHTETPallbl METO/I0M UHTETPUPOBAHUE 10 YACTSM,;

MatepuajibHoe o0ecnieyeHue:
Pa3narounsblii Matepuai (KapTOUKH C 3aJlaHUSMU).
TexHuueckue cpencTBa 00yueHHs: KOMIBIOTEP C JMIIEH3UOHHBIM IPOrPaMMHBIM 00€CIIeYeHUEM U
MYJIbTUMEAHA [IPOEKTOP
3aganue:
Boruncnute HeonpenenEHHbIE MHTErpajibl, UCIOIb3Ysl METO UHTETPUPOBAHMUS 110 YACTAM

L f x sin xdx; 6 J x arctg xdx;
|
2. J nxzdx; 7 fxsexzdx;
x
3. J In?xdx; 8 f(x + 1)e*dx;
4, 3x 9
(2x — 1) - e>*dx; (2x + 3) cos xdx;

> fx - 2%dx; 10 f e?* cos xdx.

KpaTKue TCOPETHYECCKUE CBCACHUSA

MeTo1 MHTETPUPOBAHKS 110 YaCTSIM IeJIeCO00pa3HO MPUMEHSTH B T€X CIIydasix, KOTr/a Mo/ 3HaKOM
MHTErpajia CTOMT NPOM3BeeHHE MHOrOUJIeHa Ha oHY U3 QYHKIMIA Sin X; €0s X; a°; In X; arcsin X; arctg X
U T.1. B 4aCTHOCTH, HHTETPUPOBAHHUE 10 YACTSAM MIPUMEHSIOT K HHTErpaiaM BH/IA:

[x™-e*dx; [ x"sinxdx; [ x™ cosxdx; [x™Inxdx; [x™arcsinxdx (n =1,2,3,...) nin 10g100HBIM.
Takoke ¢ MOMOIIBI0 HHTETPUPOBAHUS 110 YaCTAM HAXOIAT HHTErPabl BU/A:

jarcsinxdx; jarctg xdx; Jarccosxdx; Jarcctg xdx; fex cos xdx; Jex sin xdx

U HOJOOHBIE UM.
[Tycts mpousBoanbie GyHKIMI U(X) 1 V(X) CYIIECTBYIOT W HEPEPHIBHBI HA 33 aHHOM HHTepBase. Toraa
UMEET MECTO PaBEHCTBO:
[uv'dx = uv — [ vu'dx.
MeTo UHTETPUPOBAHUS 110 YACTSIM B HEOIIPEICICHHOM HHTErpaie.

JUdV=UV—JVdU
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el(x)

| a® _[U=Pn(x) dU=F;(x)dx
sin l(x)
MHorowieH
In(x)

arcsin [(x)

Il. [P, (x)-| arccosl(x) |dx =
arctg l(x)
arcctg l(x)

U=()  dU=U)dx
dV = Pn(x)dx V= [dV

1. [ e* cosx dx unu [ e sinx dx
[Tpumenum popmyny 2 pasa, obo3nauas 3a dV = e*dx
B pesynbrate mosryaum HHTErpalibHOE ypaBHEHUE
3ameuaHue:
1. 3a dV 6epem TO BbIpakeHHE, OT KOTOPOT'O MOXKEM HANTH UHTETPaL.
2. Ecimu B ciyuae | creniens B, (x); n = 2, To dopmyny npumensiem 2 u 6osee pasa.
Inl(x)

3. Ecimu B ciryuae 1l : un = 2, to Gopmyny npumensem 2 u Ooee pasa.

arcctg l(x)
MeTo1 MHTETPUPOBAHKUS 110 YAaCTSAM B ONPEACICHHOM HHTETpaJIe.

B B
f Ud = (UV|B —J Vdu)
A a

boxee HarJs1IHO U MPOCTO MHTCIPUPOBAHUC 110 YACTAM 3alIHUCBIBACTCS C ITIOMOIIBIO S9KBUBAJICHTHOI'O
METOoda CTPEIIOK.

Jf&)-gCdy = F(x) - gCx) = [F(x) - g (x)dx
j ,

/ '
/

F(x) g'(x)

Takum o0pa3oM, crpaBa I[OJIydaeTcs: MPOU3BEICHUE MHOXXUTENEH HaXOAAIIUXCS Ha KOHIAX
LITPUXOBAHHOM JIMHUU MUHYC UHTETPaJl OT IPOU3BeIeHUs (YHKIMI Ha KOHLIAX CTPEIIOK.

Pewenue munogwix 3a0au
Haiitn uHTErpas, UCHoNb3ys HHTErPUPOBAHKS 110 YaCTSM:
1) [x-e*dx;

1) TIpouHTErpupyeM MO YacTsM, HCHOJIb3Ys METO]] CTPEJIOK:
[x-e¥dx=[eX - xdx=e'x—[e* - ldx=e*-x—e* +¢;

2)

. ] (r+1) eXdr
Haiitu unaTerpan
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Pemenne. B icxonnoM uHTErpasne BeIASIUM (QYHKIUH it U 17, 3aT€M BBIIIOJIHUM UHTETPUPOBAHUE

IO YaCTSIM.
u=2r+l dv=e2"dz
(x+ 1)e**de = {-r’—l—l]l-if*z"'— L 2oy —
N - du=dr v= ici"' o 2 2
2
(x+1)e2 1 [ ,, (x+ e 1 1,,
=#—§ e (|'I:T.=T—§'§L +r1=
(> + l]lcz' g2
=73 1 ¢
5 (x+ e e
r+ DeXdp ="~ 2 _— 4 (O
OrBer. /{ ) 2 |

ITopsinok BbINOJIHeHUs padoOThI:
3aaHus pelaroTcs B JII000M MOpsAKe
Xoxa padoThI:
1. TMonmyuuts y mpenojaBaTess 3aJ1aHusl.

2. OdopmuTh perieHue B TeTpaau A IPaKTUYECKUX padoT.

®opma npeacTaBiaeHus pe3yJibTaTa:
[IpencraBuUTh BBHIMOTHEHHBIC 33JJaHUS B TETPAIU IS IPAKTHUECKUX PA0OT MPENOIaBaTEIIo.

Kpurtepuu onenku:
3a KaxIbIi paBUWIBHBIN O0TBET — 1 6aynt. 3a HempaBwiIbHBIA 0TBEeT — 0 6amutoB. 90 + 100- otnuuno; 80 +

89- xopomo; 70 + 79- ynoBneTBopUTEIbHO; MeHee 70- HE YAOBIETBOPUTEIIBHO

Tema 3.3. UHTerpajibHOe HCUMcIeHUe (PYHKIIMU OHOI J1eliCTBUTEIbHOI NepeMeHHOoM’
IIpakTnuyeckas padora Ne 22 BpruncieHue onpeaeeHHbIX HHTErPaJioB

Heanb: ¢opmupoBaHUE YMEHHMH BBIUUCIATH OINpeNeNEHHbIE HMHTErpalbl METOJOM 3aMEeHbI
[IEPEMEHHOM.

Boinoainus padorty, Bel Oynere:

YMETh:
- BBIYMCIIATH OINpeAeaEHHbIE HHTETpalibl METO/I0M 3aMEHbI IEPEMEHHOM;

MarepunanbHoe obecniedeHue:

Pa3znarounslit Matepuan (KapTOUKH C 3a/IaHUSIMU).

Texuuueckue cpencTBa 00yueHHUs: KOMIBIOTEP C JHUIIEH3UMOHHBIM MPOrPaMMHBIM OOecrieueHHEeM U
MYJIbTUMEAHNA TPOEKTOP

3ananmne:

Boruncnuth onpenenéHHble UHTErpajibl METOIOM 3aMEHbI IEPEMEHHOM

1) a)fon/zsinx-dx ,0) f015x3-dx.
2) a) [[Vxdx ,6) [) x?dx.

3) a)fon/6cosx-dx ,6) flz(x—l)-dx.
4) a) f012x-dx ,0) f;;rz/zcosx-dx.

5) a) [ e*-dx ,6) [

x2 "

6) a) [ Vx-dx ,6) [, 7%*dx.
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7) a) fon/zcosxdx ,0) ffi/}dx.

8) a) f;i—x ,0) fol(x+32) dx .
9 a) [/ ,6) [/ 5x3dx.

10)a) f:ex ,6) ["(sinx + 2)dx .
KpaTkue TeopeTnyeckue cBeeHus:

Onpeoenennsvtii unmezpan. @opmyna Hetomona-Jleiionuya

Cymma BHz1a
n
L, = z f(S)x;
i=1

rae S;- NIpOM3BOJIbHAS TOYKA YaCTHYHOTO OTPE3Ka
[xi—1, xi], x; = x; — x;_4, Ha3pIBaeTCs MHTErpabHON cymMMmon GyHKImK f(X) Ha oTpe3ke[a,b]

[Tycte ¢ynkums y = f(x) ompenencHa Ha oTpe3ke [a,b] W Ha 3TOM OTpe3Ke MPOU3BOJIBHO
BBIOpAaHBI HE COBMAJAIOIINE APYT C APYTOM TOUKH Xg,Xq,X3, ..., XpTaK, UTO Xg < Xy <+ <X, =b a =
BBIOpaHO pa3OMeHHe 3TOro OTpe3ka Ha N 4YacTeil. B kaxaom wHTEpBasie [X;_q1,X;] TpPOH3BOJIBHBIM
oOpa3oM BbIOpaHa Touka S;, i = 1,2 ...n.

Onpeoenennvim unmezpanom ot Gpynkuuu f(x) Ha orpeske [a, b] Ha3wsiBaeTcs npenen [,, MHTETPaTbHBIX

cyMM QyHKIUU f(X) MpU yCTOBUH, YTO AJIMHA HAHOOJBIIEr0 YaCTUYHOTO OTPE3KA X; CTPEMHUTCS K HYIIIO
b n

[reoax=_Jm 3 reox

a maxx;—0 j=1
Ecnu nenpepobiBHas pynkuus f(x) umeer mepBooOpasHyro F(X), TO A HaXOXKAEHHs ONPEAEICHHOTO
MHTETpaja uCHoiab3ytoT ¢popmyiny HeroTon-Jleitbnunma:

b
ff(x)dx — Feo) | = Fib) - Fo).

3amnomMHH, 4to

b b
ff(x)dx = —ff(x)dx.

3aMeTHM Tak JKe, YTO IpaBHJa HAXOXJCHUS HEONPEACICHHBIX WHTETPAIOB OT CYMMBI, Pa3HOCTH
byakmmii u(x) m v(x)m or mpoumsBeneHus (GyHKOHU f(X) Ha TOCTOSHHYIO TakK)K€ BEPHBI JUIS
OIPEETICHHOTO HHTETpaa.

Pemrenne THIOBEIX 3a1a4;
1. BBIYHMCIUTE ONIPeIeIEHHBINA HHTErPAT METOJIOM HETIOCPEICTBEHHOTO HHTETPUPOBAHHUS | 12 x3dx.
Haiins nepsoo6pasuyro a1 x3, 3atem no ¢popmyne Herotona-Jleitouua nMeem

>

x4 2% 14
3dx = — =2 __ =375
fx YT TE T,
1

2. IIpu BBIUMCIIEHUH ONPEIETICHHOr0 UHTErpasa METOI0OM MOJCTAHOBKU CIIENYET MOMHHUTb, YTO 3aMEHSIS
MIEPEMEHHYIO0 T0Jl 3HAKOM HHTerpaia, Tak e HEeoO0XOAMMO M3MEHUTh U Mpeiesibl UMHTErPUPOBAHMS.
[Tonmy4yeHHBIH HHTETpaj BEIYUCIAIOT, UCTIONb3ys Gpopmyny Hetotona-JleiiOnuma:

[ fGdx = F(t,) = F(t,),

rac tg n tH— HOBBIC MPCACIIbI HHTCTPHUPOBAHUS.

Breraucnuts ONpCACIICHHBIC MHTCI'PAJIbl MECTOAOM MMOACTAHOBKHU!
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3x—-5=t
d(3x —5) =dt
(3x —5)dx = dt
Bra. _ £Y6 44 — 3dx = dt ot edt 1t e 1 ) £4 _ &
1) f1(3x 5)%dx = dy =& =t _3f—2t dt =3 7|_2 21 21
3
t.=3-3—-5=4
t,=3-1-5=-2
—2\7 7 _(—2\7
(27 _ 4= _ a0
21 21 7
4x =m
d(4x) = dm
(4x)'dx = dm
z 4dx = dm 2 d 1 02 1
2) [2sindxdx = dx = & =fnnsianm=Zf 7rsinmdmzz-(—cosm)l,zfz
r 4 "
my,=4--=2m
m,=4--—=
—14cos2ir——14cosmr=—14-1+14-—1=—12;
4
-x=12z
3
d(ix)zdz
( )dx—dz
23 17 dx tdx=dz |_ 3% _1 154z 1
3) fﬁ9+16x2_ f‘/3 1438 x2_§fﬁ1+(ix)2_ 3 _1+22__f‘/31+22_§.
4 4 3 3dz
dsz
4 3
Zg—g'z—].
_éé_ﬁ
=3 T

3N 331dz1+22=13arctg N331=14arctg 1—arctg\33=14 Sy —p

HOpﬂ)IOK BbIIIOJTHCHU A paﬁoTM:
3a,Z[aHI/I}I peIIarOTCs B TI000M TMopsaKe

Xoa pa6oThl:
1. TlomyuuTb y npemnogaBaTeis 3a1aHusl.

2. OdopMuTh perieHre B TeTpaau A NPaKTHUECKUX padoT.

®opma npeacTaBiaeHus pe3yJbTaTa:
[IpencraBuTh BHINIOJHEHHBIE 3aJaHUS B TETPaAU IS MPAKTHUECKUX PabOT MpenojaBaTeto

Kpurepun ouenkmn:

3a Kax/bIil MpaBWIbHBIN 0TBET — 1 Gam. 3a HenpaBuibHBINA 0TBeT — 0 6amioB. 90 + 100- otuuHo; 80 +

89- xoporo; 70 + 79- ynoBIeTBOPUTEILHO; MeHEe 70- HE YIOBICTBOPUTEIIEHO

Tema 3.3. HHTerpajibHOe HCUMCcIeHUEe (PYHKIIMU OHOI 1eliCTBUTEIbHOI NepeMeHHOM’
IIpakTnuyeckas padora Ne 23 Berunciaenue niouajaeii Guryp ¢ noMoubIo onpeaeaeHHbIX

HHTErpajioB
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Heab: dbopMupoBaHue yMEHUH HAXOAUTH IUIOMIAAM IUIOCKUX (DUTYp C MOMOILIBIO OMpEesIEHHBIX
MHTETPaoB.

BbinosinuB padory, Bel Oynere:

YMETB:
- HaXOAUTh IUIOLA/IU TUIOCKUX (UTYp ¢ HOMOILBIO ONPE/IETIEHHBIX UHTETPaJIoB;

MarepunanbHoe obecrnieyeHue:
PazgaTounslit MmaTepuan (KapTOUKH C 3aJaHUSMU).
TexHu4yeckue cpeacTBa 0OYUCHHS: KOMITBIOTEP C JTUICH3UOHHBIM IMPOTPAMMHBIM O00ECTIieYeHuEM U
MYJIbTUMEANA TPOCKTOP
3aganue:
Haiigure momanb GuUrypel, orpaHUuEeHHON JTHHUSIMH:

1) y=2x%y=0x=0;x=3
2) y=2x3y=0x=1x=3.
3) y=2x;y=0x=1;,x=3.
4) y=e%5y=0x=0x=2.
5 y=x%y=x}x=1x=2.
Kparkue TeopeTnuecKue CBeJIeHHs:

Teomempuueckuti cMblCl ONPedeienHo20 uHmezpand
Iycts ¢ynkuus y=f(x) HempepsiBHA Ha OTpeske [a;b] ¥ HpuUHEMAaeT Ha >TOM OTpe3Ke

HeoTpHIaTeIbHbIe 3HadeHus, T.e. f(x)>0 npu xe[a;b]. durypa, o6pasoBanHas TMHUAMH X=a, X=b),
y=0, y=f(x), HasblBaeTcs KpuBOIMHeiiHOW Tpamemueil (puc. 1). OmnpeneneHHbI HHTErpan OT

HEOTPULIATEIbHOW (YHKIUM HUMEET NMPOCTOW INeOMETPUYECKUH CMBICI: 3TO IUIOLIA]b KPUBOJIMHEHHOM
TpaIeuuH.

e © 7 Puc. 1
IInowaou naockux guzyp
1. Ecmu pynkuus f(x) HeoTpuuarensHa Ha oTpeske [a;b], To mmomans S moa kpusoii y= f(x) Ha [a;b]

b
(puc. 2) 4YHCIEHHO paBHA ONpeJeJeHHOMY MHTerpany oT f(x) Ha maHHOM oTpeske: S = J. f (x)dx
a

(FCOMeTpI/I‘leCKI/Iﬁ CMBICJI OIIPEACIICHHOI'O I/IHTCFpaﬂa).
y=iw

ol bR Puc. 2
2. Ecmu ¢ymkmus f(x) — HemomoxkuTensHa Ha oTpeske [a;b], To mromags S mox kpuBoit y=f(x) Ha

[a;b] (puc. 3) paBma ompenenenHomy unTerpady ot f(x) Ha [a;b], B3STOMYy CO 3HAKOM «MHHYCH:
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3. Ecu dynkuus fy(x)> f,(x) na orpeske [a;b], To mmomans S Gurypsl, 3aKII0UEHHON MEX Ty KPUBBIMU
b

y=f,(x) u y=f,(x) Ha [a;b] (puc. 4) onpenensercs Gopmyoit S = J.(fz(x)— f,(x))dx .

¥

y=fix}

: 5
| Puc. 4
ITopsinok BbINOJHEHHs padOThI:
3anaHusl pelarTcs B JIF000M MopsIKe
Xon paboTsi:
1. Tlomyuuts y npenojaBaTesns 3a1aHusl.

2. OdopMuUThH penieHre B TeTpaau Al MPaKTHUECKUX PadoT.

(I)opMa NMpeacraBjJacHusd pedyjabTara:
HpeI[CTaBI/ITI) BBIITOJIHCHHBIC 3aJaHW B TCTpaan AJI NPAKTHICCKUX pa60T npenoaaBaTeiIto.

Kpurepun oneHku:
3a KaxIbIi TpaBUIbHBIN OTBET — 1 Gasur. 3a HenpaBmibHBINM 0TBET — () 6aymmoB. 90 +~ 100- oTinuuno; 80 +

89- xopoio; 70 + 79- ynoBieTBopuTensHO; MeHee 70- He yI0BIETBOPUTEIHLHO

Tema 3.4. O0bikHOBeHHBbIe TU( (PepeHnnATbHbIe YPABHEHUS
IIpakTnyeckas padora Ne 24 Pemenue nuddepeHunalibHbIX YPaBHEHHI ePBOro MopsijiKa ¢

pasaeJ I OIUMUCH MEPEMEHHBIMU

Heas: ¢opmupoBanune ymeHHid pemarb JudQepeHIraIbHble YpaBHEHUS TEPBOTO MOpsAKa ¢
pa3IENAOIMKUMHUCS IEPEMEHHBIMH.

Boinosinus padorty, Bel Oynere:

YMETB:
- pemiath JuQdepeHIaIbHble YpaBHEHHS IEPBOro MOPsIIKA € pa3JesIOUMMUCS IEPEMEHHBIMH;

MarepuanbHoe o0ecnieyeHue:
PaznaTounblif MaTepual (KapTOUKH C 3aJaHUSIMHU).
TexHuueckue cpencTBa 0OydeHHs: KOMIBIOTEP C JMIIEH3WOHHBIM MTPOTPAaMMHBIM OOecTieueHHEM U
MYJIbTUMENA TPOEKTOP
3ananne:
1) Hatitu o6uue penrerve quddepeHIHaTbHOTO YPaBHEHUN:
a) ds = (2t — 3)dt,
b) dx = (10t? — 5)dt,
C) xdx =dy,
d) x dx = y dy,
e) x?dx+ydy =0,
2) Haiitu yacTHble pemenus AU epeHnanbHOr0 ypaBHEeHH A :
a) (t—4)dt+sds=0,eciunput =—1; s =0.

b) Z—z+‘§,—x=0,ecnnnpnx=0; y = 2.

C) 4sdt =tds,eciunput = —1; s = 3.
d) x2dy — y?dx = 0, ecnu ipu x=0,2 y=1.
e) % = 1+ x% ecmu npu x=0 y=0.
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Kparkue TeopeTuueckue cBeeHHA:

ugppepenyuanvnvie ypasnenus nepeozo nopaoKa ¢ pazoenaioujumuca nepemennbmu
HuddepennunanbHoe ypaBHEHHE BUIA

[ o1 (¥)dx — f,(x) @, (y)dy = 0
OTHOCHUTCSI K TUIy YPaBHEHHH C pa3eisioNIMMuCS TmepeMeHHbIMUA. Eciu HM omHa w3 (QyHKIUN

fi(x), f2(x), ©1(¥), ,(y) He paBHa TOXIECTBEHHO HYIIO, TO B PE3ylbTaTe MEICHHUS HCXOTHOTO
fdx  ¢20)dY
f2(x) ©1(¥)

d
flf(:gc(;x =/ ‘p;(ly(;)y. Pemenne auddepenimansHoro

ypaBHEHHMsI, BRIPRXKEHHOE B HEABHOH (popMe, Ha3BIBAIOT UHMESPAIOM STOTO yPaBHEHUSI.

ypaBHeHUsI Ha f5(X) - ¢1(y) OHO MPUBOIUTCS K BUJLY: = (. Pa3Beém nepeMeHHbIC

B PasHble YacTU PABEHCTBA M MPOUHTEIPUpyeM |

Pemenne THIIOBBIX 3aJay:

1. Haiitu oOmue pemenue ypapaenus: x(3* — 4) dx + ydy = 0.
Pa3nienus 06e yacTh ypaBHeHus Ha y2 — 4 # 0, umMeeM

ydy _
xdx + vk 0

WHTterpupys, Haxoaum
x?+1In|y? —4| =InC umm  y? —4 = Ce™*?,
D10 o0111ee perieHue JaHHoro auddepeHnnanbHOro ypaBHeHHUs.

IMycts Tenmeps y2 — 4 = 0, T.e. y = +2. HemocpencTBeHHOi MOACTAHOBKON ybexknaeMcs, 4To
y = 2 — peueHue UCXOJHOro ypaBHeHHs. OIHaKO OHO HE SIBJIIETCS OCOOBIM, TaK KaK €ro MOXKHO
OJIy4uTh U3 obuiero pemenus npu C = 0.

2. Haiitu 06muit uHTerpan ypaBHeHus y = tgx + tgy

. d

[lonarasy = é — W pazzienss IepeMeHHbIe, IPUXO0IUM K YPaBHEHUIO

ctg ydy = td xdx. Uaterpupys, umMmeem
[ctgydy = [tg x dx, mm In|siny| = —In|cos x| + InC.
: c . .

Ortcroa HaxoaAuM Siny = o W siny cosx = C (oOmwmii uHTETrpaN).

3. HaiiTi yacTHBIl MHTErpan ypaBHEHHS Y COSX = % YJIOBJIETBOPSIIOIINN HauyalbHOMY YCJIOBHUIO
y(0) = 1.

F_d
[lonarasy = ﬁ— MEPENUIIIEM IaHHOE YpaBHEHUE B BUTIE

Cos X d_y -
dx Iny
Paznenum nepemeHHbIE:
Iny dx
—dy =
y cos x
[IpounTerpupyem o0e yacTu ypaBHEHUS:
Iny g [ Lin2y = X x
) . dy = fcosx+c,1/umzln2y— Intan G+7)+C

Hcnone3ys HadyanpHOE ycnoBue y = 1 npu x = 0, Haxogum C = 0. OkoHYaTEIBHO MOJIY4YUM
1 X 0
=ln2y =Intan(z+ —
Sln2y =in an( > + 4)
4. HaiiTu yactHoe penieHue 1udpepeHunaibHOro ypaBHeHus
(1 + x*)dy + ydx = 0 npu HauamsHOM ycnosun y(1) = 1.
dx

d
[Ipeobpaszyem naHHOE ypaBHEHHE K BUIY 73/ =—T HuTterpupys, umeem

ay dx _
) S = f1+x2,1/1m/1 In|y| = —arctg x + C

DT0 00K UHTETpall JAHHOTO YpaBHEHUS.
Tenepp, MCTONB3ysl HAYABHOE YCIIOBHE, HAlIEeM MMPOM3BOJIbHYIO MOocTosiHHY0:In 1 = —arctg 1 +
C, 1.e.C=r4. CnegoBaTelbHO,
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Iny = —arctg x + %,
T_
OTKYyJIa MOJTy4aeM UCKOMOE YaCTHOE PELICHUE Y = e+
IMopsinok BbINOJIHEHUSI PAa0OThI:
3amaHus pemarTcs B TF000M MOpsIKe
Xoxa padoThI:
1. Tlomyuuts y npenojaBaTes 3a/1aHusl.

arctgx

2. OdopmuTh pelieHrne B TETPaIu A MPAKTHYECKUX padoT.

®opma npeacTaBiaeHus pe3yJibTaTa:
[IpencraBuTh BHITOTHEHHBIC 3aJJaHUS B TETPAIH IS IPAKTHUECKUX PA0OT MPEOIaBaTEIIo.

Kpurepum oneHku:
3a KaxIblil TpaBUILHBIN OTBET — 1 Oasur. 3a HenpaBmibHBIA 0TBET — () 6ayumoB. 90 + 100- oTinuuno; 80 +

89- xopomo; 70 + 79- ynoBineTBopuTeNbHO; MeHee 70- HE yI0BIETBOPUTEIHHO

Tema 3.4. O0bIkKHOBeHHBbIE TH(PepeHIIuATIbHbIE YPABHEHUS
IIpakTuyeckas padora Ne 25 Pemenue onHopoanbix 1uddepeHunaibHbIX ypaBHEHUI 1epBOro

NOpsAKA

Heab: dopmupoBanne ymeHuil pemiatb OogHOpPOAHBbIE AU GdepeHInaNbHbIe YPaBHEHUS IEPBOTO
MOPSAIKA. .

Brinosinus padorty, Bel Oynere:

YMETh:
- pemiath oiHOpoAHbIE AU epeHInanbHbIe YpaBHEHUS IEPBOTr0 MOPSIKA,

MarepuajnbHoe o0ecnieyeHue:

Pa3znarounslit Matepuan (KapTOUKH C 3aJIaHUSMU ).

TexHudeckue cpencTBa 00yueHUs: KOMIBIOTEP C JIMIIEH3UOHHBIM MPOTPAaMMHBIM 00ECTICUCHUEM U
MyJIbTUMEANA IPOEKTOP

3aganue:
1. Pemmts ypaBHeHus: a) (3x—1)dy + y2dx=0; 6) xy’+2y =2xyy’.

2. PemuTh ypaBHEHUS: ) (xy—xz)y’z y2:6) xy' = yIn>.
y

3. Pemmts ypaBHeHus: a) y' -2y =e”*; 6) (y2 +x)y' =1.
Kparkue TeopeTuueckue cBeeHHA:

Oonopoouvie ougpepenyuanbHovle ypagueHus nep8oco NopaoKa
JnddepeHnnansHoe ypaBHEHHE HEPBOTO IMOPSAKA HA3BIBACTCS OOHOPOOHBIM, €CIH OHO MOJKET

OBITh TIPEJICTABIICHO B BUJE: Y = g(lj .
X

3ameHa MEepEeMEHHON 7 =%, rae z=1z(x), CBOAMT OJHOPOAHBIE MU((HEPEHINANBHBIE YPABHEHUS K

YPaBHCHHAM C pasaCIdArOIUMUCA IICPEMCHHBIMU.

Jluneiinvle ougpepenyuanvrvle ypagueHus nepeoco nopsaoxa

JubdepeHnnansHoe ypaBHEHUE TEPBOTO MOPSIKA HA3BIBACTCS JUHEUHbIM, €CIIA OHO UMEET BUIL:
y'+ f(x)y =g(x), rme f(x), g(X) — HekoTOpBIE HeMpepbIBHBIE QyHKIMK MepemenHoi x. Eciu Gpynkuuns g(X)
TOX/IECTBEHHO paBHA HYJII0, TO ypaBHEHHE  HAa3bIBACTCS OOHOPOOHbIM, B TIPOTUBHOM Cliydae —
HEOOHOPOOHBIM.

OnuH M3 croco0OB pelieHrs TaKOTO YpaBHEHHUS, MPEIIOoKEeHHBIH JlamamOepoM, — MpencTaBUThH
HEHM3BECTHYIO (DYHKIIHIO B BUAC y=u-v. Torma y' =uv+uv' u auddepeHnnaibHoe ypaBHECHUE 3aHIICTCS
B BHJIE
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uv+uv' + f(x)uv = g(x) mma uv+ulv'+ f(xVv]=g(x).

Ecnu GpyHKIHIO V BRIOPATh TakK, 9TO OYIET BBIIOIHATHCS PABEHCTBO V' + f(X)=0, TO OTHOCHTEIBHO
apyroit ¢gynkumu U auddepeHimanbHoe ypaBHeHHe Oymer mpocThiM: wu'=g(x). Takum o6pasom,
pewieHne ucxonHoro auddepeHuMaTbHOro  ypaBHenus (3) pachajaercs Ha  pelieHHE  JBYX
nuddepeHMalbHBIX YpaBHEHWIA: cHauaa v + f(xv=0, a 3atem wu' = g(x).

JuddepeHnuranbHoe ypaBHEHHE IEPBOrO MOPS/KA HA3bIBACTCA ypasrenuem Bepuyinu, eciu OHO
umeer B Y+ f(x)y =g(x)y", rae n=0, n=1.

1-n

9T0 YpaBHCHHUE NPHUBOAUTCA K JIHHGfIHOMy C IIOMOIIBKO MOACTAHOBKH Z =Y 100 MOKET OBIThH
1

HCMOCPCACTBCHHO PCIICHO TEM K€ METOJA0M, YTO U JIMHENHBIE YpaBHCHHA.
IMopsinok BbINOJIHEHHSI PAa0OTHI:
3aaHus pemaroTcs B JIIOOOM MOPSIKE
Xoxa padoThI:
1. Tlomyuuts y npenojaBaTesns 3a/1aHusl.

2. OdopmuTh penieHue B TeTpaau A IPaKTUYECKUX padoT.

(I)opMa NMpeacraBjJacHusd pedyjabTara:
Hpe,[[CTaBI/ITL BBIIIOJIHCHHBIC 3aJIaHWA B TCTpaaud AJIA IMMPAKTUYCCKUX pa60T IpCrioaaBaTCIto.

Kpurtepuu onenku:
3a Kax/blil IpaBWIbHBIN 0TBET — 1 Gam. 3a HenpaBuibHBINA 0TBET — 0 6amioB. 90 + 100- otuuHo; 80 +

89- xopomro; 70 + 79- ynoBieTBOpUTENLHO; MeHEe 70- HE YIOBICTBOPUTEIIEHO

Tema 3.4. O0bIkKHOBeHHBbIE TH(PepeHIIuATIbHbIE YPABHEHUS
IIpakTnueckas padora Ne 26 Peuienue uHeiiHbIX OTHOPOAHBIX AU PepeHunATbHBIX YPABHEHUI

BTOPOIr0 MOPSAKA ¢ MOCTOSHHBIMH KO3(pPuueHTaMmmn

Hean: GopmupoBaHue yMEeHMH pemiatb OJHOpOJHbIE AuddepeHLnanbHble ypaBHEHHUS BTOPOTO
NopsiiKa ¢ HOCTOSHHBIMU K03(hUIIeHTaMu.

Boinoinus padorty, Bel Oynere:

YMETh:
- pemath OAHOpOAHBIE au(depeHInaIbHble YPaBHEHHS BTOPOrO TOPSAJIKA C TOCTOSHHBIMU

Kod¢duleHTamu,

MarepuajnbHoe o0ecnieyeHue:

Pa3znarounslit MaTepuan (KapTOUKH C 3a/IaHUSMU ).

TexHU4yeckue cpeacTBa OOYUCHHS: KOMITBIOTEp C JUIICH3UOHHBIM IMPOTPAMMHBIM 00ECIICUYCHUEM U
MYJIbTUMEANA IPOEKTOP

3ananue:
1. Pemmts ypaBHeHHus: a) xy"+Yy' =0; 6) yy"=(y')*.
2. Pemmth ypaBHeHUS: a) 2y"—y' —y=0;0) 4y"+4y'+y=0; B) y'+2y +5y=0.

KpaTkue TeopeTnueckue cBeIeHUS:

JuddepeHnmanbHoe ypaBHEHHE BTOPOTO MOPAAKA UMEET B y" = f(X,y,y').

3aoaua Kowwu nnsa ypaBHEHHST 2-TO TIOpsSiIKA COCTOMT B TOM, YTOOBI HAWTH pelieHue
nuddepeHnranbHOro ypapuenus y" = f(x,y,y'), KOTOpoe yI0BIETBOPSAET HAYAIBHBIM YCIOBUAM Y(Xy )= Yo,
y(%)=Yo-

B HexoropbIx ciyyasx pemieHue Aud@depeHIHaTbHOr0 YpaBHEHHsI 2-TO MOpSJIKa MOXKET ObITh
CBEJICHO K PELIEHUIO0 YpaBHEHHs |-ro mopsiika, T.6. JONYCKaeT IOHMKEHuEe mnopsanka. PaccMorpum
HEKOTOPbIE TUIBI TAKUX YPaBHEHUII.
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Ecnu ypaBHeHHe BTOPOro mopsijka mMmeer BHI: y"=f(x,y’), T.e. B 3allUCh yPaBHCHHS HE BXOIHT
uckomas QYHKIHS y=y(x), TO PEKOMEHAYETCS BBECTH HOBYIO 3aBUCUMYIO MEPEMEHHYIO z=Yy' MpH
COXPAaHEHHUU HE3aBUCUMOM IepeMEeHHOH. OTHOCUTEIbHO HOBOM 3aBUCHUMON IIEPEMEHHOM MOJIy4YUM
nuddepennmranbHoe ypaBHeHue 1-ro nmopsaka: z' = f(x,z).

Ecimu muddepenimanbHoe ypaBHEHHE BTOPOTO TOPsAKa uMeeT Bu: y" = f(y,y’), T.e. HE COMEPKUT
HE3aBUCUMOM NEPEMEHHOM X, TO TNOHWXEHHUE TNOpPSAKA JOCTHUIAaeTCs 3aMeHOM Yy =p, TAE p
paccMarpuBaercs Kak (QyHKius mepeMeHHod y: p=p(y). Ilpu 3ToM y"=p’p, U MbI HPUXOIUM K
YpaBHEHUIO p'p = f(y, p) IEpBOro nopsiaka. Pemmus 310 ypaBHEHUE, NPUIEM K 3aBUCUMOCTH y' OT X U ),
T.€. K tudepeHmanbHOMy YPaBHEHHUIO IIEPBOTO MOPSIIKA OTHOCUTEIHHO .

Jlunetinoe ouppepenyuanvroe ypasnernue 8mopoco nOpsaoKa ¢ NOCMOSHHbIMU KOG duyuenmamu
UMEET BUI: Y"+ py'+qy =r(x), TJe P ¥ ( — HEKOTOpPbIE JACHCTBUTEIbHBIE YHCIA, r(X) — HEKOTOpask HYHKIIHS.
Ecmu  ¢ynkuust r(x) TOXKIECTBEHHO paBHa HYNO, TO COOTBETCTBYIOIIEE YPABHEHHE HA3bLIBAETCS
00HOPOOHBIM, B IPOTUBHOM CITy4ae — HEOOHOPOOHBIM.

PaccmoTpum perienue ogHOpOoAHOTO Ju(GepeHIIMaTbHOTO YpaBHEHUS Y + py’' +qy =0.

JIaHHOMY YPaBHEHHUIO CTaBHTCA B COOTBETCTBHE XapaKTEPHCTUYECKOE ypaBHEHHE: A°+pA+q=0,
rae A — nepeMeHHasl.

B 3aBHCHMOCTH OT 3HaueHHs JUCKpMMHMHaHTa D KBajgpaTHOro ypaBHeHUS A°+pA+q=0 HMEIOT
MECTO TPHU CIIyvas:

1) D>0 — ypaBHEHHE HMEET pPa3JIMYHbIC JCHCTBUTEIbHBIC KOPHH, T.e. A #4,. OOIiee perieHue
nudpepeHIranTbHOrO ypaBHEHHS UMEET BUJ Y = Ce™* +C, e,
2) D=0 — ypaBHCHHE HMEET paBHbIC ICHUCTBHUTEIbHBIC KOPHH, T.e. 4 =4, =A4. OOlmee perieHue
nuddepeHIranbHOr0 ypaBHeH s uMeeT Bug y =Cie™ +Coxe™.
3) D<0 — ypaBHEHHME HMEET KOMILUIEKCHBIE CONPSUKEHHBIE KOPHH Ay, =axib. OOmee pemreHue

Qg QepeHInaIbHOTO YpaBHEHUS UMeeT BT Y = C,e?* cosbx +C,e**sinbx .

PaccmoTpuM Tenepb pelieHue HeoJHOPOAHOTo TupdepeHINaTIbHOTO YpPaBHEHUS C TOCTOSTHHBIMU
KO3 PHULIHEHTaMH.

OTO ypaBHEHHE MOXKET OBITb B YAaCTHOCTU PELICHO MemoooM 6apuayuu npou3eo0bHblX
NOCMOSHHBIX, KOTOPBI COCTOMT B cienyronieM. CHauana HaxoaurTcsi obOumiee pemieHue y=Cy, +C,Y,
OJTHOPOIHOTO UG PEPEeHIINATHFHOTO YpaBHEHHS, UMEIOIIETO Ty K€ JIEBYIO 4acTb, YTO W HMCXOIHOE
HEOJJHOPOJHOE YpaBHEHHE. 3aTeM peLIeHHe HEOAHOPOAHOTO YpaBHEHUS HAaXOJUTCS B BHJE
y =C,(x)y; +C,(x)y,, T.e. mpemosaraercs, 4To MOCTOAHHBIE C; U C, ABIAIOTCS QYHKIMAMU HE3aBUCUMOM
nepemennor x. Ilpu stoM (ynkuum C,(x) m C, MOryT OBITh HaWJEHBl KaK PEIICHHS CUCTEMBI
{CiY1 +C3y, =0,

Ciy1+Cayz =r.
ITopsinok BbINOJIHEeHUs padoOThI:

3agaHusl pelarTcs B TF000M MOpsIKe
Xon padoTsI:

1. TMomyuuTs y mpemnojaBaTens 3a1aHusl.
2. OdopMuTh penieHre B TeTpaau A NpaKTHUYECKUX padorT.

®opma nmpeacTaBJieHUs! pe3yJbTaTa:
[TpeacTaBuTh BBHITIONHEHHBIC 33/1aHKSI B TETPAIH ISl MPAKTUIECKUX pabOT MPEnoaaBaTelro.

Kputepun onenkmn:
3a Kax/bIil MpaBWIbHBIN 0TBET — 1 Gam. 3a HenpaBuibHBINA 0TBeT — 0 6amioB. 90 + 100- otuuHo; 80 +
89- xoporo; 70 + 79- ynoBieTBOpUTENsHO; MeHee 70- HE YIOBIETBOPUTEILHO
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