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1 BBEJEHUE

BaxxHy!o yacTh TeOpeTHUECKOW U MPOoQPecCHOHANbHON NPAKTUYECKOH OJrOTOBKH CTY/IEHTOB
COCTaBJISIOT IPAKTUUECKUE 3aHATHUS.

CocraB U cofepkaHue NMPAKTUYECKUX 3aHATUN HampasieHbl Ha peanusannio denepanbHOro
rOCyapCTBEHHOI0 00pa30BaTEIbHOIO CTaHJapTa CPEAHEr0 MPO(PECCHOHATBHOT0 00pa30BaHusl.

Benymel nunakTu4eckoil 1enablo NPaKTUYECKUX 3aHATUH sABIseTcad (OpMUPOBaHHUE MPaKTH-
YeCKUX YMEHHMH (yMEHHUIl pemaTth 3aJaydl 10 MaTeMaTHKe), HEOOXOAUMBIX B MOCIEAYIOUIeH yueo-
HOM JI€ATEIBHOCTH.

B cooTBercTBUM ¢ paboueil mporpaMMoil y4eOHOW AMCHUIUINHBI «DJIEMEHTHI BBICIICH MaTe-
MaTHUKW» MPELYCMOTPEHO MIPOBEIECHUE IIPAKTUUECKUX 3aHATHH.

B pesynbrare uX BBIOIHEHHUS, 00YYAIONIIUICS JOKEH:

ymembp:
V1. BolnonHATE onepanyy HaJl MaTpULaMH U PeIliaTh CUCTEMBbI JINHEHHBIX YpaBHEHU.

V2. Pemats 3a1a4u, UCTIONIBb3YSI YPABHEHUS MIPSMBIX U KPUBBIX BTOPOT'O MOPSIKA HA MIIOCKOCTH.
VY3. [Ipumensts MeToab! 1udQepeHuanbHOro 1 UHTErPaabHOTO UCYUCICHUS.

V4. Pemats nuddepeHnanbHble ypaBHEHHUS.

V5. Ilonb30BaTbes MOHATUSIMH TEOPUN KOMIUIEKCHBIX YHCEIL.

Yo 01.02 ananu3upoBath 3a7a9y W/WIM IPOoOJIeMy U BBIICIATH €€ COCTaBHBIC YaCTH;

VYo 01.03 onpenensaTe ATamnbl pEHICHUS 3a1a4H;

Vo 01.05 cocraBisarh miaH ACHCTBUIL;

VYo 01.08 peani3oBaTh COCTaBJICHHBIN IIJIaH;

Yo 01.09 oneHnBaTh pe3ynbTaT U MOCICACTBHS CBOUX JIEHCTBUH (CAMOCTOSATEIIHHO WIIH C TIOMOIIBHIO
HaCTaBHHKA),

Yo 02.02 onpenenats He0OXOUMbIE UCTOYHUKY UH(POPMAIIUH;

VYo 02.03 mmanupoBaTh MpoIece MOUCKa; CTPYKTYPUPOBATH MOTydaeMyr0 HH()OPMAIIHIO;

VYo 02.05 onieHnBaTh NPaKTUYECKYIO 3HAYUMOCTH PE3yJIbTATOB ITOMCKA,

Yo 02.07 ucnosb30BaTh COBpEMEHHOE MTPOTPAMMHOE 00ECIICUCHUE;

VYo 02.08 ncnonp30BaTh pa3auuHble HUPPOBBIE CPEACTBA ISl pellieH s PO ecCHOHANIBHBIX 3a/1a4;
Yo 04.02 B3anMoIeHCTBOBATh C KOJUIETAaMH, PYKOBOJICTBOM, KJIHMEHTAaMH B XOf€ MpodeccruoHab-
HOM JeATeNbHOCTH,

Yo 05.01 rpaMOTHO M3NaraTh CBOM MBICTH B 0(OPMIIATH JJOKYMEHTHI 110 TPOPECCHOHATHLHON TeMa-
THKE Ha FOCYJJapCTBEHHOM SI3BIKE;

Y0 09.01 morrMaTh OOLIMI CMBICT YETKO TPOM3HECEHHBIX BHICKa3bIBAHUI Ha N3BECTHBIE TEMBI
(mpodeccroHanbHBIE U OBITOBBIC);

VYo 09.02 ygacTBOBaTH B IMANOTaX HA 3HAKOMEIE O0IIHE U TPO(ECCHOHATBHBIEC TEMBI.

ConepxaHue MpakTUYECKUX paboT OPUEHTHPOBAHO HA MOATOTOBKY OO0YYAIOIIMXCS K OCBOCHHIO
Mpo(heCCHOHATIFHOTO MOJIYJISI TIPOTPaMMBI TIOITOTOBKH CIICIMATIMCTOB CPETHETO 3BeHA MO CIeHATBLHO-
CTU U (OPMHUPOBAHUIO 0OUIUX KOMNEMEHYUIL:

OK 1. BeiOupath criocoOsl pemieHus 3aaa4d npodecCHoHaIbHON AESITeTbHOCTH, IPUMEHUTENb-
HO K Pa3JINYHbIM KOHTEKCTaM.

OK 2. Hcrnonb30BaTh COBpeMEHHBIE CpEACTBa MOKCKA, aHAJIM3a U MHTEpIpeTaluu UHPopMa-
UM, ¥ MTH()OPMAITMOHHBIE TEXHOJIOTUHU JJIS BBITOJTHEHUS 3a1a4y MPo(ecCHOHANTBHOM NesITeTbHOCTH..

OK 4. DddexTnBHO B3aUMOEHCTBOBATh U PabOTaTh B KOJIJICKTHBE U KOMAHJIE.

OK 5. OcymecTBIsATh YCTHYIO M MUCBMEHHYIO KOMMYHHUKAIIMIO HAa TOCYAapCTBEHHOM SI3bIKE
Poccutickoit deneparuu ¢ y4eToM 0COOCHHOCTEH COIMAIBLHOTO U KYJIbTYPHOTO KOHTEKCTA.

OK 9. Ilonp3oBarbest MpodeccuoHaNbHOM TOKyMEHTAaMel Ha roCcy1apCTBEHHOM M MHOCTPaH-
HOM $I3bIKaX.

BrimonHenue o0y4arommMucs MPaKTUYECKUX PadOT MO yueOHOM TUCHUIUIMHE «DJIEMEHTHI
BBICIIICH MaTEeMaTHUKW HAIPABJICHO Ha!



- 00001TIeHNE, CHCTEMATH3alIuI0, YTIIIyOJICHHE, 3aKpeIUICHUEe, Pa3BUTHE U JCTATU3AIUIO TIOJTY-
YCHHBIX TEOPETUICCKUX 3HAHUN TT0 KOHKPETHBIM TEMaM Y4eOHOM TUCIIUTUIHHEI;

- (hopMupoBaHHEe YMEHHUI MPUMEHSTh MOJyUYE€HHBIC 3HAHUS Ha MPaKTUKE, peallu3aluio eIuH-
CTBA MHTEJUIEKTYaJbHOW U MPAKTUYECKOU IESITEIBHOCTH;

- (GopmupoBaHuEe M pa3BUTHUE YMEHUMN: HAOIMIOJAaTh, CPAaBHUBATb, COMOCTABISATH, aHAIU3UPO-
BaTh, JIENIaTh BBIBOJIBI U 00OOIICHHUS;

- BBIPa0OTKY IpU PELICHUH MOCTABJIECHHBIX 33/1a4 MPOPECCUOHAIBHO 3HAYMMBIX Ka4ecTB, Ta-
KHX KaK CaMOCTOSITEJIbHOCTh, OTBETCTBEHHOCTh, TOUHOCTh, TBOPUYECKAsI HHUI[UATUBA.

[IpakTUyeckue 3aHATHS MPOBOAATCS TOCIE COOTBETCTBYIOLIEH TEMBI, KOTOpas oOecreurBaeTt
HaJIMYKe 3HAHUN, HEOOXOIUMBIX JIJISl €€ BHIITOJTHECHHUSI.



2METOJAUYECKUE YKA3AHUSA

Tema 1.1. MaTpuubl 1 onpeaeJnTe N
IIpakTnueckoe 3ansaTue Ne 1
Onepanun Hag MaTpuuaMu. Beruuciienne onpeneanresiei

Heab padoTei: GopMUpOBaHUE YMEHUHN BBINOJHATH ONEpAIMi HAJl MaTPUIIAMU; BBIYUCIISATH OIpe-
JeJIUTENH.

Brinosinus padorty, Bl Oynere:

ymemy:

- BBIMIOJIHATH OTIEpAIK HaJl MAaTPULIAMU;

- BBIYMCIIATD ONPEAETUTENN.

MarepuanbHoe obecrieyeHue:

Pa3narounsblii Matepual (KapTOUKH C 3a/1aHUSMHU), JIEKIIUU B TETPAIAX.

OO6pa3zoBaTeNbHBIN MOPTAJL.

Texauueckue cpencTa 00ydeHUs: KOMIBIOTEP C JIMIICH3MOHHBIM MPOTPAMMHBIM obOecreye-
HUEM U MYJIbTHUMEIUA POECKTOP.

3ananusi:
1. Haiitu maTpuily € = 4° + 3AB, TIe A = -2 3] B=(? _Sl:l
2. BBIACHHTE, SBJISETCSA MaTpUIa A~ :( )06paTH0HKManHueH (; g)
-3 0 -5
3. Jlauer MaTpumpl: A = -2 —4 1 |. Hatimute: A+B; 2A; AB; BA.
-1 -2 2
4. BBIUUCIUTH ONPEIEIUTENH:
3 5 7 8
i 3 -3 m -2 1
-3 5 o _ -1 7 0 1
1) )t 1z 3)|-15 5 -2|4)
|2 2| 5 1 7 3 2 1 0 5 3 2
1 -1 7 4

KpaTtkue Teopernyeckue cBeIeHH:

1. Ymnoowcenue mampuywt na uucno. Ilpouszsedenuem mampuyvt A Ha uucio) Ha3bIBaeTCS
MaTpHuIa B = AA, DJIEMEHTHI, KOTOPBIX bij = ,Qaij mi=1,2,...m;j=1,2,...,n

Cnencraus.

1) O6muit MHOKUTENb BCEX DJIEMEHTOB MAaTPHIIbI MOKHO BHIHOCHUTD 3a 3HAK MAaTPHUIIBL.

2) [Ipoussenenue maTpuubl A Ha uncio 0 ecTs HyJieBas MaTpuua, To ectb 0-A=0 .

2. Cnooicenue mampuy. Cymmoti 08yx mampuy A u B omuHaKOBOTO pazMepa MX N Ha3bIBaCTCS

matpuiia C=A+B, 37eMeHTbl KOTOPOH Cij=aij*+6ij o1 1=1,2,...,m; J=1,2,...,n(T.e. MaTPHUIIbI CKJIA/bI-
BAIOTCS TTOJIEMEHTHO).

B uactHOM ciiyuae 4A+O=A.



3. Boruumanue mampuy. Paznocme 08yx mampuy 0OJUHAKOBOTO pa3Mepa ONpeessieTcs yepes
npenpiayiue onepauuu: A-B=A+(-1)B.

4. Ymnoowcenue mampuy. Onepanusi yMHOKEHHSI MATPUILL BBOJUTCS TOJIBKO JUISl CIy4asi, Koraa
YHCIIO CTOJIOIOB IMEPBOI MATPHIIBI PABHO YHCITY CTPOK BTOPOH.

YT0oObI HAUTH 3JIEMEHT MATPHIIBI, CTOSIIIHUHN B I-TOM cTpoKe B K-TOM CcTOJIOIE, HY)KHO BBIYHC-
JUTh CYMMY ITPOM3BEIICHUI 3JICMEHTOB I-TOM CTPOKH MEPBOI MATPHIIBI HA COOTBETCTBYIOIIHE dJie-
MEHTBI K-Toro cTosdna BTopoii.

k
¢y =ay by +a, by +...+a, -by;=>a. by, 1=12,..,mj=12..n
=1

MHorue cBOWCTBa, NPUCYIIUE ONEPALUAM HaJ YMCIAMU, CIIPaBEMJIMBBI U JJIs Ollepalvil Haj
MaTpULAMU:

) A+B=B+4 6) A(AB)=(14)B = A(1B).
2) (4+B)+C=4+(B+C(). 7) A(BC)=(4B)C.
3) ﬂ(A+B)=M+ﬂB. 8) A E=E - A=A

4) A(B+C)=AB+ AC.
5) (4+B)C=AC+BC.

9) A-B#B-A

5. Boszeedenue ¢ cmenensw. Llenoi nonosxcumenvnoi cmenenvio A" (m>1) kBajpaTHON MaTpu-

bl A HA3BIBAETCS NPOU3BEICHUE M MATPUIL, PABHBIX A, T.€. am_ A A, A-

Orneparus BO3BEICHUE B CTENEHD OMPEAENIACTCS TOJIBKO IS KBaJAPAaTHBIX MATPHIL.
Cnenctusi. 1) a° = g; 2) A=A 3) am. A= amh; 4) (am' - amk,

6. Tpancnonuposanue mampuysl. Matpuiia, morydeHHasi U3 MaTpuilbl A IIyTeM 3aMeHbI CTPOK
Ha COOTBETCTBYIOIIME CTOJOIbI, HA3BIBACTCS MPAHCHOHUPOBAHHOU OTHOCUTEIHLHO MaTpuilbl A u
o603HagaeTcss A, TO eCTb:

a; A, a, n 8y Ay
dyy Ay ... dy, T_ |82 @ Any
A = ’ ﬁm a
mxn
8 8mz -+ 8m aln a2n o amn

OmnpenenureneM KBaJApaTHON MaTpHIIbl BTOPOTO MOPsiiKa (OMpeeIuTeNeM BTOPOTro HOpsaKa)
Ha3bIBAETCS YHUCIIO, PABHOE PA3HOCTH MPOU3BEACHUI 3JIEMEHTOB ITIABHOM IMaroHaJId U 3J1EMEHTOB
MOOOYHON AUaroHaIu.

oy by

=ay by —@y+h
a .[Jg 1 2 3 1

OnpenenureneM KBaApaTHON MaTPHIIbl TPETHEr0 MOPsAKa (OMpeIeauTeNeM TPETHEro MOPSAKa)
Ha3bIBACTCS YUCIIO, PABHOE

]
[
]

£

ayy
f1y

1 1

=]
[
=]

£

z 23| = @y agas3 + 638385 + 6y 83813 — G303 831 — Q1367033 — G138378))

13

=]
ba

=]
ey

31 3 3

Onpeodenumenem KBaApaTHOM MaTPHIIBI N-TO TOPSAKA HA3BIBACTCS YHCIIO, PABHOE CyMMeE IIPOU3BE-
JICHUH AJIEMEHTOB JIF0O0H CTPOKH HJIA CTOJIONA HA UX alreOpandecKue TOTOTHECHHUS.
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= a1441 + a,415 + a34,2 + a,4,A
A3 Q3, Q33 Qsq 114311 12412 13413 14414

Ay = (=D My

MuHOpPOM HEKOTOPOTO 3JIEMEHTAA;; ONPENENUTENS N-TO NOPSIKA HA3bIBAETCS ONpeaeauTenb  (N-
1)-ro mopsika, MOJyYSHHBIA U3 UCXOIHOTO OIPEICIUTENS TyTEM BEIUCPKUBAHHS CTPOKU M CTOJIO-
11a, HA IePECEYEHUN KOTOPhIX HAXOJUTCS BEIOPAHHBIN HJIEMEHT.

=

ok w

IMopsinok BbINOJIHEHHUS PA0OTHI:

3anumuTe 3a1aHue.

Onpenenure, Kakue IEHCTBUSA, U MO KAKUM IpaBUiIaM HEOOXOAMMO BBINOIHUTH. [IpounTaii-
T€ KOHCIIEKT.

3aNuIIUTE ONPENEIUTEND, ONIPEIEIUTE KAKOTO OH MOPSAKa.

Hcnone3ys COOTBETCTBYIOLIEE ONPEACIICHUE, BBIYUCIUTE 3HAYEHUE ONPEICITUTEIIS.
Bemmonnute peiicrBus. 1IpoBepbTe NpaBUIbHOCTH BBIYACICHUN.

Xoxa padoTbI:

1.Haiitu matpuny € = A* + 3AE, ecliu
(-2 3y ._(5 -1
"q_(l _1)' E_(]_ 3)
a) Haitnem A2, yMHOXas MaTpUIly caMy Ha ceOst
qg_(—E 3).(—2 3)_(? —'.31)
AN B | 1 -1/ \-3 14
0) Haiinem matpuily 34, yMHOKHB BCE DJIEMEHTHI MaTpHIlbl 4 Ha 3.
_ .2 3n_f-6 9
34 _3(1 —1) _( 3 —3)
B) Haiinem npoussencuue 3AB
_(—6 95 7 —Iy_/-21 33
we=(30 5) (G 3)=04 20
r) Haiinem matpuiyy C, ckiaapiBasi COOTBETCTBYIOIINE IIEMEHTHI
_ 7 -9 =21 33y _/-14 24
C_(—a 4)+(12 —12)_{9 —a)
2.Haiinem HpOI/ISBe,[[eHI/Ie A-AtuAtoa;
._L_?a( '{J_‘Ln_
a-a=(27) - =(; P=FE
=" - (! U) -
AT-a= ( —-)(5 )_(n ) =E

B cooTtBeTcTBHU C OMPCACIICHUECM JAHHBIC MAaTPUIIbI ABJIAIOTCSA BSaI/IMOO6paTHLIMI/I.

-3 2 =3 1 0 =5
3 dansr MaTpup: A= 1 5 —-2|uB=|3 —4 1 |

2 4 -1 0O -2 2
Haiigure: A+B; 2A; AB; BA.

-3 2 =3 1 0 =5 -2 2 -8
arn=(1 5 2)e(s 1) (41 -1}
2 4 -1 0 —2 2 2
-3 2 -3 1 -2 11
C=A-B=<1 5 —2)'(3 > ( —16 —4);
2 4 -1 0 -14 -8

c11=—3-1+2-3+(—3)-0=3,



Cp=—=3-0+2-(—4) + (=3) - (-2) = —-2;
3 =—-3(=5)+2-1+(-3)-2=11;
;1 =1-1+5-34(=2)-0=16;

Cpp =1-0+5-(—4) + (=2)- (-2) = —16;
C33=1-(=5)+5-1+(-2)-2=—4;

31 =2-1+4-3+(-1)-0=14;

Cap =2-0+4-(—4) + (1) (-2) = —14;
Cag =2+ (=5)+4-1+(=1)-2 =-8.

1 0 -5 -3 2 -3 -13 —-18 2
B-A={(3 -4 1 ])-|1 5 -2|=(-11 -10 -=2|.
0 -2 2 2 4 -1 2 -2 2

Bprunciuts onpenenurenu:

2 -4 _ a1 L 1e
1) |3 ﬁ|_2 6-3-(-4)=12+12=24
5 -2 1
)13 1 -4{=5-1-(-3)+(-2)- (-9 -6+3-0-1-
6 0 -3

-6-1-1-3-(-2)-(-3)-0-(-4)-5=-15+48-6-18=

=48-39 =0

4 0 5

3)[-6 2 -7|=4-2-240-(-7)-1+(-6)-(-3)-5-

1 -3 2
-5:-2:1-(=6)-0-2—-(-3)-(-7) =16 4+0+90—-10 —0—84 = 12

I 701

1 -1 7 4 -1.7 4

5 7 8 5 7 8 5 7 8

5 3 2(+0-17 0 1|—1-(7 0 1[=122

-1 7 4 -1 7 4 5 3 2

®opma npeacraBjieHus pe3yabrara: [IpencraBuTh BHINOJHEHHBIE 3aJaHUs B TETPAIN ISl
MPAKTUYECKUX PabOT MpernoaBaTelto.

Kpurepum ounenku:

- «OTnu4HO» - yMeHHus c(OPMUPOBAHBI, BCE 3aJaHUsS BBINOJHEHbI NMPaBUIbHO, 03
apudmeTnyeckux ommoOOK, pernieHre opopMICHO aKKypaTHO, C HEOOXOIUMBIMU 0OOCHOBAHHSIMH.

— «XopoIo» - HEeKOTOphle yMEeHHs C(HOPMUPOBAHBI HEIOCTATOUYHO, BCE 3aJaHUS BbI-
MIOJIHEHBI, HEKOTOPBIC BUJIBI 33J]aHUI BBIMTOJIHECHBI ¢ omMOKamMu. bezommbouno BeimonHeHO 80-89
% Bcex 3a/laHui.

— «Y IOBJIETBOPUTETILHO» - HEOOXOIWMBIE YMEHUS B OCHOBHOM C(OPMHUPOBAHHI,
OOJBIIMHCTBO 3a/IaHUi BBIIOJIHEHO, HEKOTOPHIC M3 BBIMOJHEHHBIX 3aJaHHUN COJEP)KaT OIIUOKH.
Beszommbouno BeimonaeHo 70-79 % Bcex 3amaHuii.

«HeynoBneTBOpUTENBHO» - TEOPETHUECKOE COACPIKAHUE Kypca HE OCBOCHO, HEOOXOIMMbIE
yMeHHUs He c(hOpMUPOBaHBI, BHITIOJIHEHHBIC YUeOHBIE 3aJaHUs COIEPKAT TPyObIe OMUOKH.
BbezommbouHo BemonHeHO MeHee 70% Bcex 3amaHuit
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IIpakTHyeckoe 3ansaTHE Ne 2
Pemenne MATpUYHBIX YPaBHEHUM

Heab padoTei: GopMUpOBaHUE YMEHUHN BBINOJHATH ONEpAIMU HaJl MaTPUIIAMH; BHIYUCIISAThH OIpe-
JeJIUTENH.

Boinosnus patdory, Bel Oyaere:

ymemy:

- BBIIOJHATH OIICpalli HAA MaTpUILlaMU;

- BBIUUCIIATD OIPECIIUTENH.

MarepunanbHoe obecrieyeHue:

PaznaTounblif MaTepual (KapTOUKH C 3aJaHUSIMU), JIEKIUH B TETPasX.

OO6pazoBaTenbHbIN TOPTAI.

TexHuueckue cpeacTBa 0OyueHUs: KOMIbBIOTEP C JIMLEH3MOHHBIM IIPOrPaMMHBIM o0ecrieye-
HHUCM U MYJIbTUMCIUA IIPOCKTOP.
3aganus:

1. Pemmuts ypaBuenue X=AB, rue 4 (—12 31): 5 =(T _al)

2
2. BbIACHUTS, SABISETCS MaTpuLa A~L = ( 5 __:) o0paTHOM K MaTpulle A = (5 g]
-3 2 -3 1 0 -5
3. Jauet Mmatpunp: A=| 1 5 —-2])u B=|3 —4 1 |. Pemuts ypaBHeHus: AX=B;
2 4 -1 0 -2 2
2A+X=B; AB=X; BX=A.
4. BpIUNCIUTD ONPENSIUTENH:
3 5 7 8
3 3 =5 m -2 1
-3 5 o , -1 7 0 1
2)|2 2| 2)§_L. 2 3 -5 5 __2 4)O 5 3 2
2 -1 7 3 -2 -1
1 -1 7 4

(I)opMa npeacraBjJacHus pesdyJbTaTa: HpeILCTaBI/ITB BBITIOJIHCHHBIC 3a/laHUA B TETpaau IJIA
MPAaKTUYCCKUX pa60T npenoaaBaTeIto.

Kpurepun onenkmn:

— «OTnu4HO» - yMeHHusi cOPMUPOBAHBI, BCE 3aJaHUS BBINOJHEHBI MPaBUIBHO, 03
apupMeTHYECKUX OMUOO0K, pemeHne 0hOpPMIICHO aKKypaTHO, C HEOOXOIMMBIMU 000CHOBAHUSMH.

— «Xopouio» - HEKOTOopble yMEeHHsI c(hOPMUPOBAHBI HETOCTATOUYHO, BCE 3aJaHUS BbI-
MIOJTHEHbI, HEKOTOPbIE BUJIbI 33/1aHUIl BBINOJHEHHI ¢ omuOKkamu. be3ommbouno BemonHeno 80-89
% Bcex 3a/laHui.

— «Y 1OBJIIETBOPUTEIHLHO» - HEOOXOJHMMbIE YMEHUSI B OCHOBHOM C(OPMHUPOBAHBI,
OOJIBIIMHCTBO 33J]aHUN BBIIIOJHEHO, HEKOTOpPbIE M3 BBIMOJHEHHBIX 33aJJaHUN COAEp)KaT OMIMOKH.
Bezommbouno BeimonaeHo 70-79 % Bcex 3amaHuii.

«HeynoBneTBOPUTEIHHO» - TEOPETHUECKOE COJEPKAHUE Kypca HE OCBOCHO, HEOOXOMMBbIe
yMeHHs He ¢(hOpMHUPOBaHbI, BHIOJIHEHHbIE YUeOHBIE 3a/JaHUS COJEPKAT rpyOble OMINOKH.
BbezommbouHo BemonHeHO MeHee 70% Bcex 3amaHuit

Tema 1.2. Cucrembl JIMHEHHBIX YPABHEHUI
IIpakTuyeckoe 3ansitue Ne 3

Pemenne cucreM JTMHEHHBIX yPABHEHU PA3JIHYHBIMU METOIAMHU
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eab padoTbi: HayunThest pemiaTh CUCTEMBI IMHEWMHBIX YPaBHEHUN pa3TMYHBIMA METOJAMH.
Buinosnus padorty, Bel Oyaere:

ymembn:

-pelaTh CUCTEMBI JIMHEHHBIX YpaBHEHUH MeTo1oM Kpamepa;

- penarh CUCTeMbI ypaBHEHHI MeTooM [ aycca;

- pelaTh CUCTEMbI JJMHEWHBIX YPAaBHEHUM MAaTPUUHBIM CIIOCOOOM.

MarepuanbHoe obecniedenue: ViHauButyanbHbIC 3a1aHMs], YYCOHUKH, KOHCIIEKTHI JICKIIUM.
3aganue:

Pemnte cucTeMsl TMHENHBIX YPaBHEHUM:

2y — 3x; + 4x; = 11

xl +2x:—3x3 ';| .
—3.1'1 —_ ‘1'.1': +.3L'3 = —25

3X =X, + % =3
1) X, +2X, —3%, =0
SX + X, — 7%, =-1

2)

KpaTRue TCOPETHYECCKUEC CBCACHUSA .

IlycTp nana cucrema Tpex JIMHEMHBIX YPaBHEHUH C TPEMs HEU3BECTHBIMMU:

ayy xy + apx; +ax; = by
Ay ¥y + Ap¥y T ag3xg = by
31 %) + 83%; +833%3 = by

UtoO0sI pemuth cucteMy MeTosioM Kpamepa, cocTaBUM ONpEeuTeNb U3 KO3 GUIIMEHTOB MPHU He-
W3BECTHBIX.

Gy Hyz Oy
3TOT OIPCACIINTEIIb HA3bIBACTCA ONPCACITIUTCIIEM CUCTCMBI: A= |z fan  fag
figy gz g

CoctaBuM OMpeCTUTENN KaK/I01 Hen3BecTHOM. Onpenenurens 44 moydaeTcs u3 onpeaenures 4
MTyTEM 3aMEHBI TIEPBOTO CTOJIOA KOA(DPHUITMEHTOB CTOIOIOM U3 CBOOOTHBIX WICHOB.
by 12 3
A= 15y oy
by

=]

b3

jx ]

b

o

(]

-
&

=]

ba

o

3

L

3

Omnpenenurens 4; moxydaercs U3 onpenenuTens 4 myTeM 3aMeHbI BTOPOTo cToJI0A KO PHITIEeH-
TOB CTOJIOIIOM U3 CBOOO/HBIX YJICHOB.

ﬂl"

3

o

(]
Ty

a

33

Onpenenurens 4;
TOB CTOJIGLIOM u3 CBO60I[HBIX YJICHOB.

gy @y by
Ag= oy ap by
o b,

£
B3

HOJTy4aeTcsl U3 onpeneuTess 4 myTeM 3aMeHbI TPEThEro CTONIONA KO PHIINCH-
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1)
2)
3)

4)
5)
6)

YToOBI BBIYUCIIUTH 3HAYEHHs HEU3BECTHBIX, BOCIIONb3yeMcs popmynamu Kpamepa:  x; =

— ii';'- — "\'.{
Bn=TE =g

Merton "aycca siBisieTcst OqHUM U3 HanOoJiee YHUBEPCATBHBIX METOOB PELICHHUS CUCTEM JIMHEH-
HBIX ypaBHEeHUHI. OH COCTOUT B MOCJIEI0BATEIILHOM UCKIIFOUEHUN HEM3BECTHBIX.

[Ipouecc pemenus nmo metoxy ["aycca coctout u3 AByx 3tanoB. Ha nepBom stane (mpsmoii xox)
crcTeMa MPUBOJUTCA K CTyleHUYaToMy BUy. Ha Bropom stare (0OpaTHbIif X0) UAET MOCiIea0Ba-
TEJIbHOE OTpeiesIieHuEe HEU3BECTHBIX U3 3TOM CTYNEHYATOW CUCTEMBI.

Ha nmpaktuke ynooHee paboTaTh HE C CHCTEMOW ypaBHEHUH, a ¢ paCIIMPEHHOW MaTPHUIIEH, BBITIOJI-
HsIs1 BCE DJIEMEHTApHBIE IPE00pa30BaHMs HAJI €€ CTPOKAMHU.

SHGMGHTaprIMI/I Hp606pa3OBaHI/IHMI/I MaTpulbl ABJIAOTCA:
- ICPCCTAHOBKA CTPOK MCECTaMU;
“YMHOXCHUC HCKOTOpOﬁ CTPOKH Ha J'II-O60€, HC PABHOC HYJIIO YUCIIO,

-nipuOaBIIEHNUE K DJIEMEHTaM OJHOU CTPOKH COOTBETCTBYIOIIUX JIEMEHTOB APYTOW CTPOKHU, YMHO-
KEHHBIX Ha OJIHO H TO K€ YUCIIO

Z[J'ISI pemiCHuA CUCTEMbI METOIOM I'aycca HCHOJ’IB3y1>iT€ AJIropruT™M:

3anuiuTe cucTeMy JTUHEHHBIX YPaBHEHHIA.
CocTraBbTe pacCUIUPEHHYIO MaTPHILY.
BrimonHuTe areMeHTapHbIe TPeoOpa3oBaHus CTPOK MaTPHIIbI, UCKITFOUYas MOCIe0BaTeIbHO Tepe-
MeHHbIE. B pe3ynbTare 10JpKHA MOYYUThCS CTyTIeHYaTas MaTpulia.
ITo cTryneHuaToil MaTpuile COCTaBbTE CUCTEMY.

ITocnemoBaTreapbHO HAMANTE 3HAYCHHS BCEX HEH3BECTHBIX.
3anuImmuTe OTBET.

Marpuunbiii Metod ( ¢ TOMOIIBK 00pPAaTHON MAaTPULILI)
a11X1 + a12X2 + + alnxn = b1
alel + azzxz + e + aann = bz

IlycTe 3a1aHa cucTeMa JTMHENHBIX YPAaBHEHUN:
Ap1X1 + AnaXz + -+ F AupXy = by
by
11412 - A1n b
CocraBum matpuuHoe ypaBHeHue: AX = B, rne A = | @21 Q22 - Qon |; B = 2] Xx=
An1Qn2.. Ann
by,

YToObl HAWTH HEU3BECTHYIO MATpHILy X, Hyx)HO A™1 - B
UT0OBI BRIUMCIUTE 00pATHYIO MaTPHILY, HYKHO:

a) BEIYHMCITUTH OIpeeauTens MaTpullsl A (AA # 0);

12



N

0) HaliTh anreObpandecKue JOTIOTHEHHUS IS KaXK0T0 3JIEMEHTa MaTPHUIl A U COCTAaBUTDH U3
HHUX COIO3HYIO MaTpuily A*.

B) TPAaHCIIOHUPOBATh MaTPUIly A* U3 anrebpandecKkux gomonHennii  A*T =
A11 A21 s Anl

A12A22 ...Anz i
AlTlAZn "'ATLTL
All A21 "'Anl
r) HaliTn 06paTHyI0 MaTpuiy: A~1 = i A1p47; - App
AinAop o Ann

YroObI HANTH HEM3BECTHYIO MATPHILY X, HY’KHO YMHOKHTB OOpaTHYIO MAaTpHIly A™" Ha MaT-
puiy B, cocrosiiyto n3 cBOOOIHBIX YJIEHOB.

I[J'IH pEeIICHUA CUCTEMbl MATPUYHBIM MCTOJIOM:

1. 3anumuTe cucTeMy JTUHEWHBIX YPABHEHUH.

2. CocTaBbTe MaTpUYHOE YpaBHEHUE.

3. Boruncnute 00paTHYIO MaTpuly.

UTOoOBI BEIUKUCIUTH 00PATHYIO MATPHILY, HYKHO:

a) BBIYUCIUTH ONPEACTUTENb MaTpULbl A (A4 = 0},

0) HaiiTu anredpandeckue JOMOTHEHUS A KaKI0ro 3JIEMEHTa MaTPULIBI A

B) TPAHCIIOHMPOBATH MATPHILY U3 aIreOpandecKux JOMOTHEHUH;

A11 A21 aen ATLl
T) HaliTn 0OpaTHyIo MaTpuiy: A~1 = i ApAy, Ay
AlnAZn Ann

4. Haiioure 3Ha4YEHUS HEU3BECTHBIX.

. -1
UTo0Ob! HAlITH HEN3BECTHYIO MaTpUlly X, HY>)KHO YMHOXKUTh OOpaTHYI0 MaTpuily 4  Ha Mart-
puiy B, cocrosiiyro n3 cBOOOIHBIX YJIEHOB.

5. 3anuImTe OTBET.
IHopsaok BbINOIHEeHUS PA0OTHI:

3anummTe CUCTEMY JTUHEHHBIX YPaBHEHUM.
Pemnre kaxxyto cucteMy BCEMHU TPEMSs CITIOCOOAMH.
3anuInTe OTBET.

Xon paboTsr:

PaccmoTpum npumepsbi:
1) Pemmth cucremy ypaBHeHHi MmeToqoM Kpamepa:

13



2y —xy +4x; =5

{xl +2x; —3x; =0y
3.1'1 +J.'g—.r3 = 5

(1 2 —3) 1 2 -3

A=|2 -1 4 |MA=(2 -1 4|=10%0

i 1 -1 3 1 -1

Brruucnum onpenenureny Kaxaou NepeMeHHOM:
o2 -3

A=1f3 -1 4 |=0-15+40-15+10-0=20
5 1 -1
1 0 -3

A,=f2 5 4|=-5-304+0+45-0-20=-10
3 5 -1
1 2 0

Ag=12 -1 5/=-5+0+30-0-20-5=0
3 1 5
A 190 A 10 A 10

Ortgert: (2;-1,0).

2) Pemmuth cucteMy ypaBHEHUI MATPHYHBIM METOIOM
2.1'1 — EI: + ‘1'.1'3 = J.J.
.1'1 + 2.1': - 3.1'3 = g
—3.171 - ‘1'.1': +J.'3 = —-25

Haiinem

:2 _3 _l :;,|—2 —2_3|3 —2|+|3 ‘2|:—m4
SR 2T s g s5itlg 1 :
Boruncnum anreOpandeckue JOMOITHEHUS:
T

wm=-ly = a=fp -2

sm=-l; Sf=7

Az = : j|:13; A:3:—|§ _31 = 26: A33:|§ _32 =-13.

CoctaBuM 00paTHYIO MaTpHILy:

-12 -16 -4
at= —;—4(—31 2 7 )
TM13 26 13
PemmMm MatprudHOE ypaBHEHHE:

{12 16 -4\ /10 _ [ -120 + 64 + 56 )
X=A'LE=——(—31 2 ?)(—+)=——( —3'LEI—E—'§JE)=—E(

Log Log

13 26 —137 \-14 130 — 104 + 182
Otger: (0;4;-2).
Cremnaem poBEPKY:
04+12-2=10
[ 0—-8+4=—-4 .(BepHO)
0—4-10=-14
3) Pemmuts cucremy ypaBHeHuit MeTogom [ aycca
x + 2k —3x3 =0y
{Exl — X7 +4x3 = 3
3.1'1 +I: - .1'3 = 5
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CocTaBuM pacHIMPEeHHYIO MAaTPHUILy U3 KO (ULIMEHTOB MPU HEU3BECTHBIX U CBOOOHBIX UJICHOB:

1 2 -3l0
{ZAIB}=(2 -1 4 5)

3 1 -115

Bremonanm OJIEMCHTAPHEIC HpeO6p330BaHI/I5[ HaJl CTpOKaMU1 MaTpPUIIbI:

1 2 -=3|0 1 2 =3|0 1 2 =30
(2 -1 4 5) N(U -5 10 5) N(EI 1 -2 —'L)~
3 1 -115 o0 -5 815 0 -3 813

0
9)
=210

[TonmyueHHOM MaTpHIle COOTBETCTBYET CUCTEMA YPABHEHUM:

?
o,
=T =]
L B O
|1
RN

I1+2I:—3I3:n
.rg—2.r3=—1-

—2.1'3 = U

Haunnas CHHM3Y BBCPX, HAXOJUM 3HAYCHUSA HCU3BCCTHDBIX!

’x1+2x=—3x3:[] .1'1+2.1':—3.1'3:U I1+2'I:—J.:]:U
x:—?.r; =-1 ; X2 =-1 ; Xa =-1 ;

! x3 =10 x3=10 xy; =10

"J:l—2

I:=—].

k.r3=|:l

Ortsert: (2;-1,0).
dopma npeacTaBIeHHs Pe3yJbTaTa: BBITOJIHEHHAS paboTa.

Kpurtepun ounenku:

- «O1nuuHO» - yMeHHus chOpPMHPOBAHBI, BCE 3aJaHUs BBIIOJHEHBI MPaBUILHO, 0€3
apudmeTnyeckux ommbOK, perieHne opopMICHO aKKypaTHO, ¢ HEOOXOUMBIMUA 00OCHOBAHUSIMH.

- «XopoIo» - HEeKOTOpble yMEeHHs C(HOPMUPOBAHBI HEIOCTATOUYHO, BCE 3aJaHUS BbI-
MIOJIHEHBI, HEKOTOPBIC BUJIBI 33J]aHUI BBIMTOJIHECHBI ¢ omuOKamMu. bezommbouno BeimonHeHO 80-89
% Bcex 3aJIaHui.

- «Y IOBIIETBOPUTETILHO» - HEOOXOJHWMBIE YMEHHS B OCHOBHOM C(OPMHUPOBAHBI,
OOJBITMHCTBO 3aJaHWH BBHITIOJIHEHO, HEKOTOPHIE M3 BBIMTOJTHEHHBIX 3aJJaHUN COJEpIKAT OIIUOKH.
Be3ommbouno BemmonHeno 70-79 % Bcex 3amaHuii.

- «HeynoBneTBOPUTENBHO» - TEOPETUUECKOE COJIepKaHne Kypca HE OCBOEGHO, HEOOXO-
JTUMbIe YMEHHSI HE C(POPMUPOBAHBI, BBIOJHEHHBIE YUeOHbIE 3aJaHUs COACpkKAT TPYObIe OIMIHOKH.
Bbeszommbouno BeimoHeHo MmeHee 70% Bcex 3aqaHui.

Tema 2.1. DjieMeHTHI BEKTOPHOI ajreopbl
IIpakTnueckoe 3ansaTue Ne 4

Onepauuu HaJ BEKTOpamMu

Heab: HayunThcs BHIMOIHATH JEHCTBUS HaJl BEKTOPAMHU, BEIUUCIISITH YTOJI MEXKIY BEKTOPAMH,
MIPUMEHATHh BEKTOPHOE U CMEIIaHHOE MPOU3BEACHUS JJIs PEUICHUS TEOMETPUUYECKUX 3a]1a4
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Bbinosinus padory, Bel Oynere:

ymembo:

- HaXOJIUTh MPOEKIUIO BEKTOPA;

- BBIYUCJIIATH YIoJI MCXKY BCKTOpAMU,

- BBIYHCIISATH BEKTOPHOE MPOU3BEICHUE U IPUMEHSTh €r0 K PEHICHUIO 33/1a4;

- BBIYUCJIATh CMCIIAHHOC IMMPOMU3BCACHUC U TPUMCHATH €ro JIs1 BEIYUCIICHUA 061,eMa.
MarepuanbHoe obecnedeHne: WHIUBUIYaIbHbIC 3aJaHHsI, KOHCIIEKThI JICKLIUH.

3ananue:

1. Jlano: a= (3;—6;—1), b= (1;4;—5), c= (3;—4;12). Haiitu npoekiuio BeKTopa (6_1 + 5) Ha BEKTOP c.
2. lansl Bepuunbl TpeyronbHuka A (1; -1; 2), B (5; -6; 2) u C (1; 3; -1). Halinure nauHy BBICOTHI,
OIyIIeHHOH u3 BepuuHbl B Ha ctopony AC.

3. Jlana nupamupa ¢ Bepumaamu A1 (7; 2; 4), A2 (7; -1; -2), A3 (3; 3; 1), Asa (-4; 2; 1). Haitnure:

a) yroq Mmexay peopamu A1A2 u A1A4;

0) 00BeM mHpaMUJIBL;

B) JUNTUHY BBICOTHI, ONMYIIIEHHOW Ha TpaHb A1A2As3.

KpaTkue TeopeTnueckue cBeeHUS:

Bexmopom Ha3pIBaeTCS HANpaBJICHHBIA OTPE30K AB C HAYaJIbHOW TOYKOW 4 U KOHEYHOH TOU-
KO¥i B. BeKTOpBI MOI'yT 0003Ha4YaThes: a = AB .

BeKTOpBI, JIC)Kalue Ha OI[HOI;'I pr[MOI\/’I UJIN HA HapaJ'IJ'[eJ'IBHBIX HpHMBIX, HA3bIBAKOTCA KoJiiu-
HeapHbiMu, 1 0003HAYAIOTCS 5”5.

BCKTOpH HAa3bIBAOTCA KOMNnianaprvimu, €CIN OHU JICKAT B OJHOM INIOCKOCTH WJIH B napaj-
JICJIBHBIX IIJIOCKOCTAX.

Ecni Havano ¥ KOHEI BEKTOPa COBIAIAI0T, HATIPUMED, AA, TO TAaKOW BEKTOP HA3BIBAKOT H)Jle-
6olm 1 0003HAYArOT 0= AA . JITMHA HYJIEBOIO BEKTOPA paBHA HYJIIO: ‘6‘ -0.

I[Ba BCKTOpPAa HA3BIBANOTCA paeHbiMu, CCIIM OHU KOJUIMHCAPHBI, OJWHAKOBO HAIIPABJICHBI U
HUMCIOT OJMHAKOBYIO JJINHY:

_ _ w [)atb;

a=>nb o -
2) o=}

TIpoussedenuem eexkmopa a Ha 4Yucio A Ha3bIBACTCS BEKTOP b= 1a, MMCIONMHA JUTHHY

‘6‘ =14 ‘5 , HAIpaBJICHHE KOTOPOI'O COBIAJAET C HAlPaBJIEHUEM BeKTOpa a, eciu A>0, U mpoTHBOIIO-

JIO’KHO eMy, ecii A<0.
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TIpomusononodicHvim 6eKmMopom -a Ha3bIBAETCS MPOU3BEICHHE BEKTOpa aHa uncio (-1), T.e.
-a=(-Da.

HpSIMaSI lc 3alaHHbIM HAIIPaBJICHUCM, IPUHUMACMBIM 3a ITOJIOKUTCIILHOC, HA3BIBACTCA OCbHIO.

Ilpoexyueti eexmopa a Ha ochb |HasbiBaeTcs uwmcio, 0003HaYaeMoe npja W PaBHOE
‘a‘cosw, 20e ¢ €[0,7] — yrom MeXIv BEKTODOM a M HOJNOKHTEILHBIM HAMpaBieHHeM ocH |.

nmézMN,05¢<%

M N " rw@z—MN,%éwSm

BexTop a = (x, y, z) MOXKET OBITH IIPEJICTABIICH B BUIC a=xi+ y]+ Zk, Toe i , i, k — eqMHUYHBIE

BEKTOPHI (OPTHI), COBIAIAIOIIUE C HanpaBiieHHeM oceil coorBeTcTBeHHO OX, Oy, Oz; ‘iHij‘ =1.

ﬂﬂuHCl 6€Kmopa paBHA KOPHIO KBaJIpaTHOMY U3 CYMMBI KBaZIpaTOB €TI0 KOOPAUHAT:

H:‘W‘:,/x%yz i ‘5‘:‘W‘:,/xz+y2+zz. (1)

JluneiHble onepauyuy HaJ BEKTOPaMHu B KOOpAMHATHOU (opme. ITycTb BEKTOp a=(x,y, z) ¥

b =(x,, Y, 2,)» TOT1IA =a+b=04+%, Y1+ Y, 2 +1),
a_

¢
az 6=(X1_X21 yl_yZ’Zl_ZZ)1

a IPOU3BEJICHUE BEKTOPA a = (x,, y,,z) HA YUCIO A €CThb BEKTOP f = (Ax, Ay;, 1z,) -

Ecnu jmambl Toukn M(xy,Y;,z) ¥ N(X5,¥,,2,), TO BekTop MN GyaeT MMeTh KOODMHATHI:
MN = (X, =%, Yy = Y1,25 = 23).

JIBa BEKTOpa a M b KOLIUHEApHbl TOTAA W TOJBKO TOT/A, KOT/Ia HX KOOPIMHATHI TPOIOPIIHO-
- x z

HAJIBHBL: ap <> L =31 _ 4

X2 Y2 7

Jenenue oTpe3ka B JaHHOM OTHOILICHUH. [IyCTh JaHBI TOUKU 4 =(X;,Y;,2;) U B=(X,,Y,,2,), &
touka M omnpeneneHa yciosuem AM=AMB, 1>0.

AM:MB=1.1
A M B

Tornma KoopaAUHATHI X, Y, Z TOUKU M ONIpEnesitoTCs paBeHCTBAMU

X_x1+ﬂLx2 it Ay, L+ Az,
144 1+4 1+ 4

B gyactHoM cityuae A=1 u Touka M Oyner cepeanHoil otpeska AB.

Cranspuoim npouseedenuem (a,b) IBYX BEKTOPOB aMb Ha3bIBAETCS YKMCIIO, PABHOE IIPOM3BE-
JIEHUIO JUIMH OTUX BEKTOPOB Ha KOCHHYC YIJIa () MEK/LY HUMH:
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(@.b)=ab=[db|cos-
Bripasum ckalsipHOe IpOu3BEAEHUE YePE3 KOOPIUHATEI BEKTOPOBa Ub .

Crkansproe npousseoenue (a,b) IBYX BEKTOPOB aMb PaBHO CyMME MPOM3BEICHHI COOTBET-
CTBYIOIIMX KOOPIMHAT 3THX BEKTOPOB:

(5,5): ab= ‘EHB‘ COSQ = XX, + VY, + 2,2, - )
Cranapnubwlii Keadpam BEKTOPA PaBeH KBAIPATy €ro JIHMHEL

— 2\ T2 22 2 2 2

(aa)=a =l =x"+y 42" 3)
YToI MEKLy BEKTOPAMH a ¥ b OMpenensercst mo popmye

@.5) _ XX+ ViY, + 27, . (4)
b ey ey,

Cosgp =

J1s 1BYX HEHYJIEBBIX BEKTOPOB a = (x,Y,,z) U b = (X,, y,, 2,) YCI06UE OPMO2OHANLHOCHIY UIMEET

BUI: albe XXy +Y1Y, + 272, =0.

BekTopHOE Npou3BeACHNE BEKTOPOB

Tpotika BeKTOpOB a, b, ¢ ¢ 0O0mmM HayaioM B Touke O Ha3bIBAETCS MPaBOM, €CIIM KpaTyai-

M TTIOBOPOT OCH BEKTOpPA a K BEKTOPY b CO CTOPOHBI BEKTOpA C OCYIIECTBIISETCS MPOTUB Yaco-
BOM CTpeJiku (puc. a). B mpoTHBHOM cilyuyae Tpoika BEKTOPOB Ha3bIBAETCS JIEBOI (puc. 0).

Bexmopnvim npoussedenuem BEKTOPOB a U b Ha3bIBaeTcst BEKTOp €, 0003HaYaeMblil C=axb,
KOTOPBIH yAOBIETBOPSET TPEM YCIOBHSIM:

1) |<=[ale|sinfa.b);
2) ¢
3)

cla clb:
a, b, ¢ —mpaBas TpONKa BEKTOPOB.

Moynib BEKTOPHOTO ITPOM3BEIEHNUS JBYX BEKTOPOB PAaBEH ILJIOLIA/IN MapaljiesiorpaMmma, MocTpoeH-
HOT'O Ha ATUX BEKTOpAX.

¢ Lacle Dror BeKTOp NEPHEHAUKYISIPEH MEPEMHOKAEMBIM BEKTOpaM (TIEPIICHINKYISAPEH
IUIOCKOCTH MapaJuiesorpamma), T.e 1
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i j k
- a, a a, a a, da
. z X
axe=la, a, a,|=i|”’ -G Y +k Y
YR e, e 8, 8 8, 8
y %z x 8 x Oy
6, 6, §,

HJII/IHa BCKTOPHOTI'O ITPOU3BCACHU paBHaA IJIOMAAN IMapaJuiciiorpamMma - yaBOCHHOI'0 TPpEyroJjJbHU-

Ka, a UMCHHO IIPOU3BCACHHNIO CTOPOH B BUIC BCKTOPOB aub , OTIIOKCHHBIC OT OI{HOﬁ TOYKH, HA

CHHYC yrJla MKy HuUMH SinZ(a, b ).

CMeniaHHOe IpOU3BEJICHHE BEKTOPOB

CMelIaHHbIM IIPOM3BEIEHHEM BEKTOPOB a, b n C HasbiBaeTCs JeHCTBUTENBHOE YUCIIO, PABHOE
CKaJISIPHOMY TIPOU3BE/IEHUIO BEKTOPOB lé X bJ ucC,rae lé X bJ - BEKTOPHOE MIPOU3BEICHUE BEKTOPOB
dub.

CMellIaHHOE TIPOU3BEIEHUE BEKTOPOB PABHO OIPEAEIUTENIO MATPUIILI TPETHLETO IIOPSAIKA, CTPOKA-
MM KOTOPO# ABJIAIOTCSA KOOPJMHATHI YMHOKAEMBIX BEKTOPOB, TO €CTh

a, a, a,
a-b-c=(axblc)=p, b, b,|.
C C C

X y z

Yenosue xomnnanaprocmu Tpex BEKTOpOB a, b, ¢ UMeeT BHUI:

ax a'y z
a, b, ¢ —kommmanapuel <>abc=0<>b, b, b,|=0.
C C C

reOMeTpI/I‘-IeCKI/II\/’I CMBICJI CMCITAHHOI'0 IMPOU3BCACHUSA COCTOUT B CICAYIOIICM. CMenragHoe
TIPOM3BEJICHIE TPEX BEKTOPOB a, b, C paBHO 06beMy V mapajenenunena, MoCTPOSHHOr0 Ha 3TUX
BCKTOpPAx, €CJIN 5, E, (_: — IpaBas TpOﬁKa. Ecnu xe sTa TpOﬁKa JICBasd, TO CMCIIAHHOC MPOU3BCIC-
HUE OTPUIIATETFHO U PABHO 00BEMY MapauIeNIenuIe/ia ¢ TPOTHBOIOIOKHBIM 3HAKOM:
v Vv, 5,_5,_6 j npaeasi mpouKda,;
-V, a, b, ¢ — zesas mpoiixa.

napainenenuneda

jabl

~5-6‘.
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R, 1
O6bem TeTpasgpa, MOCTPOEHHOTO Ha BeKTOpax d, b u C, pasHaertca g obbema napannenenunesa.

Monyyaem: V ==V a-b-c

mempasopa 6 napannenenuneda 6

1 1. ~
a-6-d.

IMopsinok BbINOJIHEHHSI PadOThI:

1. IlpoaHaM3upoOBaTh YCIOBHE 3a[aUH.
2. BeImogHUTE penieHue, MpUuMeHssi HE0OOX0IMMbIe (hOPMYJIBI.
3. 3anucarhb OTBET.

Xox padoThI:

3aganue 1. HaiiTu npoeKIuio BeKTopa a Ha BEKTOP 5 ecim a=(-1;0;2)m b= (3; -4; 1).

Pemenne. J{i1s HaX0KICHHS TPOCKIMKM BEKTOpa d Ha Bektop D, 6yaem ncnonbsosats dopmyny

- = (5,5) _ab,+ab, +a,b,
A= -

o] JbZ +bZ +b?
HOI[CTaBHHH B HEC KOOPAHUHATHI BEKTOPOB, IMOJIYYUM:
(@b) -13+0-(-4)+21 -1 V2%

Ilp.a ==
W Eecarer Vw2
J26
26
3ananue 2.J/[anbl Bepmmabl Tpeyroibauka A(1;-1;2), B(5;-6;2), C(1;3;-1). Haiitu nqnuny ero Bbico-
ThI, ONyIIEHHOM 13 BepiunHbl B Ha cropony AC.

Orser. /Ip.a = —

Pemenue .

AB=(4:-5; 0); AC=(0; 4:-3)
i j ok

ABxAC =4 =5 0|=15i+12j+16k = (15 12; 16)
0 4-3

= — 1 — 25
S0 = E|AB>< AC|= 5J225+ 144+256 ==

C opyeoit cmoponbt: S =%h-AC= %\H6+9-h

:>E=%h:h=5

Omeem : 5
@®opma npeacTaBJIeHNUs pe3yJbTAaTa: BRIIIOJIHEHHAs paboTa.

Kpurepum ounenku:

- «OTnu4HO» - yMeHHus cOPMUPOBAHBI, BCE 3aJaHUS BBINOJHEHbI NMPaBUIbHO, 0€3
apu(pMeTHYECKUX OMHNOO0K, penieHne ohopMICHO aKKypaTHO, ¢ HEOOXOTUMBIMU 0OOCHOBAaHUSIMH.

—  «Xopomo» - HEKOTOpble yMEHUs c(HOPMUPOBAHBI HEAOCTATOUHO, BCE 3aJaHUS BbI-
MTOJTHEHBI, HEKOTOPBIC BUBI 3aJaHUI BBITIOJIHEHBI ¢ ommoOkaMu. be3zommboyHo BeimoaHeHo 80-89
% Bcex 3a/laHui.

—  «YIOBJETBOPUTEILHO» - HEOOXOAWMBIE YMEHUS B OCHOBHOM C(OPMHPOBAHBI,
OOJIBIIMHCTBO 3aJjaHUN BBIIIOJHEHO, HEKOTOPbIE M3 BBINOJIHEHHBIX 3aJJaHUN COAEp>KaT OLIMOKH.
be3ommbouno BeimonHeHo 70-79 % Bcex 3agaHuii.
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- «HeynoBneTBOPUTENBHO» - TEOPETHUECKOE COJIEpIKaHNe Kypca HE OCBOGHO, HEOOXO-
JTUMbIC YMEHHSI HE C(POPMUPOBAHBI, BBHITOJIHEHHBIC YUCOHBIC 3a/IaHUS COACPIKAT TPyObIe OIIMOKH.
Beszommbouno BeImonHeHo MeHee 70% Bcex 3aqaHui.

Tema 2.2. AHaIMTHYECKAs] TeOMETPHs HA MJIOCKOCTH
IIpakTnyeckoe 3ansaTue Ne 5

Pemenue 3a1a4 1o aHAJIUTHYECKOH reoMeTPpUM

Heab: popmupoBaHre yMEHUI COCTABIATh YPABHEHUS MPSMBIX, YPaBHEHHS KPUBBIX 2-TO MOPSIKA.
Bbinosinus padory, Bel Oynere:

ymembp:

- pemiatb 3a/1a4M, UCIOJIb3Ys YPaBHEHUS MPIMBIX;

- peaTh 3a4a4u, UCII0JIb3Ys YPABHCHUA KPUBBIX BTOPOI'0 MOpAAKa Ha IIJIOCKOCTH.

MaTtepuajiabHoe o0ecniedeHue: MHINBUIYATbHBIC 3a1aHUS, KOHCTIEKTHI JICKITHA.
3aganue:

1. Haiitu TOUKy mepecedyeHus HOPSAMBIX, 33JaHHBIX YpaBHEHUSAMHU: a) 2x-y+3=0 U
4x+8y+17=0;0) 2x-y+3=0 1 4x—-8y-11=0.

2. Jlanwl BepmuHbl A(4, 3), B(-3, -3), C(2, 7) tpeyronbauka ABC. Haiitu: a) ypaBHeHHE CTO-
poHbl AB; 6) ypaBHeHue BbicOThl CH, B) ypaBHeHHE MeauaHbl AM; 1) Touky N nepeceueHust Mmeau-

anbl AM u BbicoThl CH; 1) ypaBHEHUE NPAMOI, poxozsiel yepe3 BepiinHy C napajiesbHO CTO-
pone AB; e) paccrosiaue oT Touku C 10 mpsiMoit AB.

3. CocTaBUTh ypaBHEHUE OKPY>KHOCTH, poxojsiiet yepe3 Touky A(6; —1) ¢ meHTpoM B TOU-
K€ IepeceyeHns NpsIMeIX 3Xx-4y-5=0 u 4x+3y-15=0.

4. Haiitu nonyocu, KOOpAUHATHI POKYCOB M SKCLIEHTPUCUTET IIIUICA 4x2 +25y2 ~100 =0 .

Onpenenutb BUJ U PaclookKeHHe KpUBOH (IT0JIyocH, KOOPAUHATHI (JOKYCOB U 3KCIIEHTPH-
CHUTET) 5x? +16y% +10Xx—96y +69 =0.

6. Ilapabona c¢ BeplIMHOW B Hayajge KOOpAUHAT MpoXoauT yepe3 Touky A(1l; —3) u cummer-
puuHa OTHOCUTENbHO ocu Ox. Halitu Gokyc 1 ypaBHeHHs napaboIIbl U €€ TUPEKTPHUCHI.
KpaTkue Teopernueckue cBeeHHA:

YpaBHeHMEe OpAIMON Ha INIOCKOCTH

B ,Z[CKapTOBOI\/'I npsaMoyr 0JILHOI cuCTEME KOOpAuHAaT Oxy Ha ITIOCKOCTH JIF00ast npsamMas MOXKET
OBITh 3a/laHa YPAaBHCHUCM HCpBOf/'I CTCIICHHU

Ax+By+C =0, rae A, B, C — onpenenennsle uncia, A* +B? = 0. 11 oOpaTHO, BCSIKOE ypaBHEHHUE BU-

J1a AX + By +C =0 OOpeACNsACT IMPSAMYIO0 Ha ITIOCKOCTH.

JlaHHOE ypaBHEHHE HaA3bIBACTCS 00WUM YpasHeHuem npsamoti Ha TUIOCKOCTH, KO3(POUIUEHTHI
ypaBHenus A, B onpenensror KOOpAMHATHI BEKTOpar, IMEPIEHAUKYIIAPHOTO TON MPAMON. DTOT
BEKTOP Ha3bIBAETCS HOPMANbHLIM 8EKMOPOM TPIMOM.

YKakeM OCHOBHBIE CIOCOOBI 3aJaHUS MPSIMON Ha IJIOCKOCTH M COOTBETCTBYIOIIUE ypaBHE-
HUSL.

1. Ilpsimas mpoxomut uepe3 TouKky My (Xo; Vo) NEPIEHIUKYISIPHO BEKTOPY fi = (A, B). B 3ToM

cllydae mpsiMasi OIUChIBaeTCsA OOIIUM ypaBHEHHUEM
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A(x—=X,)+B(y—y,)=0-

2. Ilpamas npoxoaut 4yepes Touky Mo (Xo; Yo) HapauienbHo BEKTOPY S =(m,n). B aTOM ciy-

qac npsAmMad 3a1aCTCiad KAHOHUYECKUM YPABHEHUEM
X=X _¥Y~=Yo.
m n

WA napamempudecKumu ypaeHeHUAMU

X = X, +mt,
y =Yy, +nt,

rjae t — mapameTp, IPUHUMAIOIINN JTFOObIE YHCTOBBIC 3HAUCHHUS.

3. Ilpsimast mpoxoaut uepe3 TOUKy My (Xg; Yo) C 3aJaHHBIM YIJIOM HaKJIOHA ¢, Ompeiesse-
MBIM yenosvim kodgguyuenmomk = tga (puc. 1). B aTrom ciiydae ypaBHEHHE TIPSIMON UMEET BHJI

Y—=Yo zk(X—XO).

¥

ny

-
-
x

Puc. 1. Puc. 2.

4. Tlpsimast OTCEKaeT Ha KOOPJAUHATHBIX OCSX 3aJlaHHbIe OTpe3Kku (puc. 2). B aToMm ciydae uc-
MIOJIB3YIOT ypasHeHue npsamoti 6 ompesxkax X | Y _q.
a b

5. Ipsmas 3aana yrioMm HakJIOHA ¢ , OTIPEAENSIEMBbIM YTIOBBIM Kod(hduireHTom Kk =tga , U
otpe3kom b, oTcekaembiM Ha ocu Oy. B 3TOM cilydae UCMONB3YIOT YPASHEHUE NPIMOU C Yl0BbIM
K02 huyuenmom y =kx+b .

Paccmosnuedom mouxkuM,(x,,y,) A0 TPSIMOH Ax+By+C=0 BBIUHCIAETCA MO (opmyie
|Ax, + By, +C]|

VA% +B?

d

KpuBbie BTOpOro mopsika Ha MIOCKOCTH

0611166 YPaBHCHUC KPHUBBIX BTOPOI'O MOPAAKA UMECT BU/L

Ax2 +Bxy +Cy?+Dx+Ey+F =0, B KoTopoM A, B u C He paBHbI HYJIO OJHOBPEMEHHO, T.€.
A’ +B2+C?#0.

Dnnunc u okpysHcHocms
Onnuncom Ha3bIBAETCS TEOMETPUUYECKOE MECTO TOYEK IJIOCKOCTH, CyMMa PAacCTOSIHUM OT KO-

TOPBIX JI0 IBYX JAaHHBIX Touek F1 u F2, Ha3piBaeMbIxX (pokycamu, eCTh BEeIWYMHA TTOCTOSTHHAS, PaB-
Has 2a, mpyUYeM dTa BeIMYrHA OOJIbIe pacCTOSHUS 2¢ MEXIY (hoKycamu.

Ecnu 3a ock Ox mpuHATH MpsIMYI0, MpoxXosiyto uepe3 pokycsiF1 uF2, a 3a oce Oy — nep-

NeHAUKYJsIp K ocu Ox, mpoxoaauuil uepes cepeanny orpeska FiF2 (puc. 1), To ypaBHeHue 3minnca
2 2

Xy
MIPUMET BUJ ?erT =1.
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OT0 ypaBHEHHE Ha3bIBAIOT KAHOHUYECKUM YpasHeHuem daaunca. IIpu 3ToM a — Gonbllas moiyoch

anmca, b— ero manas momyocs, ¢ =+va? -b®, F,(-c,0) ¥ F,(c,0) — poKychl amurca.

.y

* Puc. 1.

OTtHomeHue &= c <1 Ha3bIBACTCA dKCYeHmpucumenmom a1unca.
a

ITpu a<b ypaBHeHHe TakXke 3amacT 3JUTUIIC, HO y TAKOTO 3JUIUIca (POKYCHI PACIIOIOKEHBI Ha
ocu Oy, mapametp b 3agaer 6osbliyro MOJIYyOCh, @ @ — MalIyto TOIyoch. [lapamerp ¢, paBHBIH 1MOJI0-

BUHE PAcCTOSHHS MEXIy (OKycamu, MOXKHO HalUTH 10 GopMmyiie ¢ =+/b° —a® , a IKCHECHTPUCUTET —

no popmyne ,_°C.
b

HpI/I a=b YpPaBHCHHUE 3a4aCT OKPYKHOCTb C HECHTPOM B HaAYaJIC KOOPAHUHAT U palnyCOM Aa.

OxkpyxHOCTb pamuyca R ¢ 1meHTpoM B  TOuke C(Xo,yo) 3a1a€TCsl  ypaBHEHUEM
(=, +(y - o) = RE.

T'unepbona
T'unep6o101i Ha3BIBACTCS TEOMETPUIECKOE MECTO TOUYEK IUIOCKOCTH, MOJYJNb Pa3HOCTH PaccTo-

SIHUM OT KOTOPBIX /10 JBYX JAHHBIX Touek F1 u F2, Ha3piBaeMbIX (OKycaMH, €CTh BEJIMYUHA MTOCTO-
sIHHas, paBHast 2a, IPUYEM 3Ta BEIMYMHA MEHBIIIE PACCTOSHUS 2¢ MeXAy HOKyCaMH.

Ecnm 3a ock Ox npuHATh NpsiMyto, Ipoxoasiryto yepe3 (okyceiF1 uF2, a 3a ocs Oy — nep-
MEHIUKYJISIp K ocu Ox, MpOXOSAIUi uepe3 cepenuny orpeska FiF2 (puc. 2), To ypaBHeHuUe rurnep-

Goubl mpumMer Bug X _ Y’

a’ b72:1.

DTO ypaBHEHHUE HA3BIBAIOT KAHOHUUECKUM YpagHeHuem cunepoonvl. IIpu 3TOM a — NeHCTBUTENbHAS

0JTyoCh runepoosl, b— ero MEMMast monyocs, ¢ =~va’ +b®, F(-c,0) u F,(c,0) — ¢pokycsl ssummnca.

Puc. 2.

Ornomenue . _ © .1 Ha3pIBaeTCA oKcyeHmpucumemom 2unepbonvl. Ilpamele y = igx, K KO-

TOPBIM THUMEpPOOIa HEOTPAHUYEHHO MNPHUOJIKAeTCs Ha OECKOHEYHOCTH, MPEACTABISAIOT COOOU

ACHUMIITOTBI I‘HHCpGOHLI.
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2 2
YpaBHeHue _LZ+L2 —1, OIIPEIENIeT TUIEPOOTy, HO Yy 3TOW rUnepOoIbl (POKYCHI pacIoIoxe-
a-~ b

Hbl Ha ocu Oy, napamerp b ecTb feiicTBUTENbHAS TOTYOCh, TApAMETP d — MHUMAs T0JIyOCh, a IKC-

LEHTPUCUTET BBIYUCIISIETCS IO GOpMyIIe , _ E .

Ilapabona
Ilapabonoii Ha3bIBACTCS TEOMETPUIECKOE MECTO TOUEK IJIOCKOCTH, PAaBHOYAAJICHHBIX OT JIaH-

HOU TOYKH, Ha3pIBaeMOU (POKYCOM, U JAaHHOU MPSIMOU, Ha3pIBAEMOU TUPEKTPHUCOH.

Ecnu 3a ocb Ox pUHATH NPAMYIO, IPOXOAIIYIO Yepe3 POKyC NepIEHIUKYISPHO AUPEKTPUCE,
a 3a ocb Oy — PAMYIO, MIPOXOISIIYI0 Yepe3 CepeinHy MEePIeHANKYIISIpa, OMyIIEHHOTo U3 (oKyca
Ha JUpeKTpucy (puc. 3), To ypaBHEHUE Napadobl IPUMET BUJ y° = 2px, TJI€ p — PACCTOSIHUE OT
dokyca A0 AUPEKTPHUCHL. DTO YpaBHEHHE HA3BIBAIOT KAHOHUYECKUM ypaeHeHuem napabonsi. llpu

3TOM y — _ P — ypaBHEHHE TUPEKTPUCHL, a POKYC F(p,Oj-
2 2

b |
=

oo '
«¥

Puc. 3.

VYpaBHeHue x* =2py 3aaaer napadboiy, CHMMETPUUHYI0 OTHOCUTENbHO ocu Oy. B aToMm ciydae

aupeKTpuca napabonst P, a pokyc F(o,p).
2 2

ITopsinok BbINOJHEHHS PadOTHI:

1. IlpoaHaM3upPOBATh YCIOBHE 33 Ia4H.
2. BoIoONHUTE pelieHne, MpuMeHsisi HE00X0AUMbIe (POPMYIIBL.
3. 3amucars OTBET.

Xox pa0doTbI:

1. TMomyuuTs y mperoaaBaTess 3a1aHusl.
2. OdopMuUThH perieHne B TeTpaau s MPAKTHIECKUX PadoT.
®opma npeacTaBjeHUs pe3yJIbTaTa: BEIOJHEHHAs padoTa.

Kpurepun onenkmn:

— «OTIMYHO» - yMEHHUs CPOPMUPOBAHBI, BCE 3aJaHMs BBINOJHEHBI MPABUIBHO, 0€3
apupMeTHIECKUX OMMUOO0K, pemeHne 0hOpPMIICHO aKKypaTHO, C HEOOXOIMMBIMU 000CHOBAHUSIMH.

— «Xopouio» - HEKOTOopble yMeHHsI c(HOPMUPOBAHBI HETOCTATOUYHO, BCE 3aJaHUS BbI-
MIOJTHEHBI, HEKOTOPBIE BUJIbI 33/1aHUIl BBIOJHEHHI ¢ omuOKkamu. be3ommbouno Bemonneno 80-89
% BceX 3aJlaHuH.

- «Y 1OBJIETBOPUTETILHO» - HEOOXOIHMMBbIE YMEHUSI B OCHOBHOM C(OPMHUPOBAHBI,
OOJIBIIMHCTBO 33J]aHUN BBIIIOJHEHO, HEKOTOPbIE M3 BBIMOJIHEHHBIX 33aJJaHUN COAEp)KaT OMIMOKH.
Beszommbouno BeimonaeHo 70-79 % Bcex 3amaHuii.
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- «HeynoBneTBOPUTENBHO» - TEOPETHUECKOE COJIEpIKaHNe Kypca HE OCBOGHO, HEOOXO-
JTUMbIC YMEHHSI HE C(POPMUPOBAHBI, BBHITOJIHEHHBIC YUCOHBIC 3a/IaHUS COACPIKAT TPyObIe OIIMOKH.
Beszommbouno BeImonHeHo MeHee 70% Bcex 3aqaHui.

Tema 3.1. OCHOBBI TeOPUH KOMILIEKCHBIX YK CeJI
IIpakTnyeckoe 3ansaTue Ne 6

JeiicTBUS HaJl KOMILIEKCHBIMH YHCJIaMU B ajiredOpandeckoi gopme

Heanb: HayunThest BHINOMHATH ACHCTBUS HaJl KOMIUIEKCHBIMH YHCIaMH, 3alIUCAHHBIMU B ajireOpan-
geckoit popme.

Boinosinus padorty, Bel Oynere:

ymembs:

- 3aMMCBIBATh KOMILJICKCHBIE YHCTIa B anredpanmdeckoit hopme;

- BBIMIOJIHATH ACHCTBHSI HAJl KOMILIEKCHBIMH YHCIIaMU B anredpandeckoit popme.

MaTtepuajabHoe o0ecniedeHue: HHIUBUIYIbHbIC 3a/1aHUS, KOHCIICKTBI JICKITHA.
3aganue:
1. Jlausr komiutekcHble uncna: z1= (7;1), z2=(-1,5;1,5), zz=(4;-3).
3anucaTh 3TH 4Kciia B ajdredpandeckoit popme.
2. BpluuciauTsh:

1) z; + zy;
2) zp — z3;
Z
3) =
Z3
4) z, - z3;
5.
5) z7;
1+3i 4—-5] .
3. Berumcinurhi— + — — 8
-3 1+31

KpaTKue TCOPETHYECCKUEC CBCACHUSA

Komnnexcnvim wuciom Ha3pIBaeTCsl BRIpaKeHNE BUAa a + bi, Tae a u b — neiicTBUTENbHbBIC YUCTa,
a CUMBOJI [ YJOBIETBOPSET yCIOBHIO (2 = —1.

Komrmutekcuple uncna z; = a + bi u z, = ¢ + di Ha3BIBAIOTCS PaBHBIMH, €ClIU @ = C U b = d.

Komrutekchble uncia z = a + bi 1 Z = a — bi Ha3bIBaOTCA CoNpsDKeHHbIMU. Uncna a + bi u — a — bi
HA3bIBAIOTCS MPOTHBOIOIOKHBIMH.

MOJIyHeM KOMIUICKCHOT'O 4YHMCJIa Ha3bIBACTCA JIMHA padnyC-BCKTOpa COOTBeTCTBYIOHIeﬁ TOYKH KOMIIJICKC-

Hol miockoctu. O6o3Havaercs |z| = Va? + b?2 =r.

3anuch KOMIUIEKCHOTO YKcia Z B BUje a + bi, e a u b € R, Ha3pIBaercs anredpanueckoit Gpopmoii KoM-
IUIEKCHOTO YUCIIA.

1. Cymma nByx uncen z; =a+biu z, =c+dipasHaz; +z, = (a+bi)+(c+di)=(a+c)+ (b +
d)i.

2. PasHocTh ABYX umcen z; =a+bi u z, =c+di paBHa z; —z, = (a+ bi) —(c+di) =(a—c) +
(b — d)i.
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3. Tlpou3sBeeHHEM KOMIUIEKCHBIX 4Hceld Z; = @+ bi u 2z, = ¢ + di Ha3bIBaeTCsl KOMIUICKCHOE YHCIIO
71.Z5 = (ac — bd) + (ad + bc)i.

4. YacTHBIM KOMIUIEKCHBIX 4ucenl Z; =a+bi u z, = c+ di # 0 Ha3pIBaeTCs KOMIUIEKCHOE YHCIIO
__zy __actbd | bc—-ad
Tz, c2+4d? | c2+d?

5. Bo3Beienne KOMILJIEKCHOTO YHC/Ia B cTeneHb NeN paccMaTpuBaeTcs! Kak YaCTHBIM CIydaid YMHO)KEHUS
KOMILJICKCHOTO 4Hcia N pas.

Crenenu uncna i.

LLecrmn=4k+1
—l.ecmn=4k+2
—lLecmn=4k+3
l.ecrun=4k

IHopsiaok BbIOTHEHUS PA0OTHI:
1. 3anuinTe KOMIUIEKCHBIE YKCia B areOpanyeckoit popme z = a + bi

2. BoimonauTe neicTBHs HAJl KOMIIEKCHBIMU YHCIIaMU B aJireOpandeckoi popme, UCIOJIb-
3ys (hOpMyIIbIL:

21+ 23 = (o + ap) + (by + by)i;
E)— B = {:ﬂl - ﬂ:} + {IJ]_ - II.-J:}I.,

z1- 23 = (ayay — byby) + (ayby + ag by )i

+bq b2 L azby—aq b

¥ Y
+55 as+bs

1

Xoa paGoTsI:

1. Jlausel kommiekcuble uncna: z1= (7;1), z2=(-1,5;1,5), zs=(4;-3).
3amucath 9TH YKCIa B ajqredpanveckoi popme.

Perienue:

T.k. anrebpanueckas popMa KOMIUIEKCHOTO YKCIa UMEET BU: = = a + bi, TO uucia B ajredpaunye-
cKoii (hopme OyTyT 3aIMCaHbl B BUAE:

5y =748z, =-154+ 154 z3 =4 - 36

2. Brprunciouts:
2+ 2, =(7-15) + {1 + L5)i = 55 + 2.5;
z;—z3=(-15-4) + (L5 + 3)i = 5.5 + 4.5,
Iy i [T+ 1B+ 4i+210 430" __ 2B+351-3 154150

=y 4-30  (4-3004430 169 1649 25
zoz3 = (1,54 15)(4 —30) = -6+ 451+ 6i — 45 = -6+ 10.5{ + 45 = —1,5 + 10,5i;
=T+ =(F+D*T+D) =49 +14i + #)*F+0) = (48 + 140 (7 + 1) = (2304 + 1344i +
196:2)(7 + i) = (2304 + 1344i — 196)(7 + i) = (2108 + 1344i)(7 + i) = 13412 + 11516i

L
3. Boryucaurs:

-+
-
]
=
|
Tt
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Pemenue:
1431 4-51 o

—f = 21— 275
1-3 1431
1) 1431 — (14313 1=1=3) — —:—J—JJ! =31 — i -
-3 (i--i-3 —1°49 10
4=51 [#=517(1-31) 4-12i-5i+15{° -11-171
2) = = L = —11-17i
1431 (1431371-313 1-9" 10
3) f=(F)=(-1)%=1
4) —-i-11-17i-1=-21-27i

dopma npeacTaBieHus pe3yJabTaTa: BhIIIOJHEHHAs padoTa.
Kpurepun oneHku:

- «OTnu4HO» - yMeHUusi cOPMUPOBAHBI, BCE 3aJaHUS BBINOJHEHBI MPaBUIbHO, 03
apudmeTnyeckux omuOOK, perieHre opopMICHO aKKypaTHO, C HEOOXOIUMBIMU 0OOCHOBAHHSIMH.

- «XOopolIo» - HEKOTOpble yMEeHHs C(HOPMUPOBAHBI HEIOCTATOYHO, BCE 3aJaHUS BbI-
MIOJTHEHBI, HEKOTOPBIE BUJIBI 33/IaHUI BBIITOJHEHBI ¢ ommOKamu. bezommbouno BeimoaHeno 80-89
% BceX 3allaHUH.

- «Y IOBJIETBOPUTETILHO» - HEOOXOIMMBIE YMEHUSI B OCHOBHOM C(OPMHUPOBAHBI,
OOJIBIIMHCTBO 3aJIaHU BBIIOJIHEHO, HEKOTOPHIC M3 BBIOJHEHHBIX 3aJaHH COJEPHKAT OIIUOKH.
Beszommbouno BeimonaeHo 70-79 % Bcex 3amaHuil.

- «HeynoBneTBOpUTENBHO» - TEOPETUUECKOE COJIEp:KaHne Kypca HE OCBOEGHO, HEO0XO-
JTUMBIC YMCHHSI HE COPMUPOBAHBI, BBHITOJIHEHHBIC YYCOHBIC 3a/IaHUS COACPIKAT IPyObIe OIIMOKH.
Besommbouno BeimonHeHo MmeHee 70% Bcex 3aqaHui.

Tema 3.1. OcHOBBI TEOPHHU KOMILIEKCHBIX YK cel
IpakTuyeckoe 3anaTue Ne 7

I[eﬁCTBHﬂ HaJl KOMIUVICKCHBIMHA YHC/JIaMH B TpI/IFOHOMeTpI/I‘{eCKOﬁ (])opMe

Henb: HayunTbcs BBIMONHATH JEHCTBUS HaJl KOMIUIEKCHBIMU YHCIaMH B TPUTOHOMETpHUYE-
CKo# (opme.

Boinoinus padorty, Bel Oynere:

ymemp.

- 3aMKMChIBaTh KOMIUIEKCHBIE YHCIIa B TPUTOHOMETPUUECKOH opMe;

- BBIMOJIHATH JACUCTBUS B TPUTOHOMETPUUYECKON hopMme;

- IEPEXOAUTH OT OAHON (POPMbI KOMITJIEKCHBIX YHCEN K APYroi popme.

MaTtepuajibHoe o0ecnedeHue: HHINBUIyalIbHbIC 3a1aHuUs, KOHCIIEKTHI JICKITHIA.
3aganme:
1. [ansl koMIuiekcHbIe uncna: z1=(-3;-5), zo=(-7,2;7,2), z3=(2;6).
3amucaTh 3TH YHCIIa B TPHTOHOMETPHUYECKOU (hopMe.

5.
2. Beruucnure: z, - Z3, zl, VZy .

3. BBIHOJ'IHI/ITC ,Z[CI/ICTBI/I}I H SaHI/IH_II/ITe PCSYJ'ILTaT B aJII e6paI/I‘-ICCKOI/I (I)OpMC

4(coeTH +rr4:||

a) (3- {cus— len—] b) ""

+ Lals] _'|..' |
Kparkue TeopeTuueckue cBeJeHHs:

Tpuronomerpuueckoir (HoOpMoOil KOMIUIEKCHBIX YHCEIN HAa3bIBACTCS 3aITUCh UX B BUJIC:

z = r(cos@ + i- sing).
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[Ipu BeIMOSHEHWU ACHCTBUN HaJ KOMIUIEKCHBIMHM YHCJIAaMH B TPUTOHOMETPHUYECKOH ¢opme
UCTOJIB3YIOTCS Clieaytomme GopMyJIbl:

Zy "2z =Ty '?‘:{'3'35{?91 + ‘Pg)"‘ 55"”{@1 + ‘F'z}]
= T
Z=- {'3':'5{‘?"1 - ‘P:} + fsm{‘ﬁ - ‘P::}]

Zn ?":

&

" = r"{cosng + isin ng)

Jnist u3BJI€YCHHS KOPHS N-i CTENEHH U3 KOMIUIEKCHOTO YHCIIa B TPUTOHOMETPUYECKOi popme  z =
r(cos@ + i- sing) ucnons3yercs popmyna :

+2mic _ . ptink
+ isin

w, = V- (cos }, TIE Q/F - apudmeTnaeckuii kopens, k=0, 1, 2, ..., n-1.

K
Aneopumm nepexooa om aneebpauieckoli opmvl K mpUeOHOMEMpPU4ecKoll.

[TycTh KOMITJIEKCHOE YUCIIO 3aJIaHO B anredpandeckoii popme z = a + bi,

N

1) Moayner =|z| ogHO3HAa4YHO ompenenseTcs no popmyie  r = va® + b2.
a . b

2) AprymeHT ¢ omnpezensercs u3 GopMysn COS@p =—, Sing=—.
r r

3HaueHUs APryMCHTAa KOMIUICKCHOI'O YMUCJIa MOXHO HaAXOAWUTh U TaK:

e Ormnpenenutp, B KAaKOW YETBEPTH HAXOIUTCS BEKTOP (MCIOJIB30BaTh NT€OMETPUUECKYIO HH-
TEpHpPEeTALUIO Uica) = = a + bi
e PemuB ypaBHEHUE tgg = E, II0JIy4aeM, 4TO

B .

argz = @ = arctg - JUIA BHYTPEHHUX TOYeK 1 u 4 yeTBepTeH,
B

argz = @ = arctg -+ 7 A BHYTPCHHUX TOYCK 2 YCTBECPTH,

b
argz=@=arctg-—m AJI1 BHYTPEHHHUX TOYCK 3 YCTBCPTH.

Ecnu Touka z nexuT Ha IEMCTBUTEIBHOW WJIM MHUMOW OCH, TO arg Z MOKHO HAWTH HEMOCPEI-
CTBEHHO.

3) Haiinsg Mmoaysbs U apryMeHT KOMIUJIEKCHOTO YUCIIa, €M0 MOXHO 3aM1CcaTh B TPUTOHOMETpUYE-
CKOH WM TIOKa3aTeNbHON popMe z = ricosg +ising) WIn z = re'?,

Ilopsinok BbINOJHEHHUsI padOTHI:
1.3anummure 3a1aHHBIE YHUCIIA B TPUTOHOMETPUYECKOH (hopMe, HCIONb3ys AITOPUTM Iepexo/ia
K TPUTOHOMETPHUUYECKOH (popMme.

2.Bremmonnute HEOOXOAUMEBIE JIEHCTBHUS.
Xon paborsr:
Jansl komrutekcHsle uncna: z1=(7;1), z2=(-1,5;1,5), z3=(4;-3).
1. 3anmcarp 9yncna z1, Z; ¥ 73 B TPUTOHOMETPUIECKOU (hopMme.
Pemenue:
1) z=7+i
[z =v49+1 = 'n.,-"ﬁ= 3 '..,-"E,
Uuciio HaxoauTCA B IEPBOU YETBEPTH, 3HAUUT
@ = nrctgj—_' = arctg0,1429,
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2, =7 4 i= 52(cos 8°8 + ising°8).
2) z;=-15+15i

1 E+& | 1 c2 -GG =
=15 +1.5 =225+ 235 = 35 22,1

23

Yucno HaxoaguTcs BO BTOpOfI YCTBCPTH, BHAYUT ¢ = arciy E + 7 = arcig ':—1] +r=—4+=
£l

3 =-15+15i= 2.1{.:.35’:"+ isin 7).

3) 2'3 =‘]:'—32-
|z;| =v9+ 16 =25 = 5.

Huciio HaxoIUTCA B YETBEPTOU YETBEPTHU, 3HAUNUT
P = nrc‘tg_?g = arctg (—0,73) = —36°°52",

z3 =4 — 3i = 5(cos(—36°52 + isin(—36°52).

2. Beraucaure:

1)z z3;
2) =

3) =i;

4) \z;

Pemenne:

Z0z3=21-5 (.:.:s{135= — 36°52 ) + isin (135° — 35=52'}) = 10,5(cos98°8 + isin 98°8);

L L (l:l:-s (a=a’ - {-3&52'}) + isin(8°8 + 3&52'}) = \2(cos 45° + isind5°);
3 5
25 = (5v2) (cos5 - 8°8' + isin5 - 8°8') = 125004/2(cos40°40' + isind40°40');

Bocnons3zyemes popmyoii:

wk:W(COSM+iSinM)
n n

B Hamewm npumepe n=2.

— [3v2 135°4360°k 135°4360°k_
Va =g = 5 {cos —— + isin ——;
= s P ca nan
32 135°+360°-0 135°+360°0 —_— —_— P
Gy = J \' (cus% + izin J—) = 4/2,1{cos 67730 + izin 67°30);
. — na ca na
342 135°4360°-1 135°4+360°-1 —_— - S
wy = [ (eos = 4 isin =) = (T (cos 247530 + isin 247°30)

2. BeImonHATE NEHCTBHS U 3aITUIITUTE Pe3yJIbTaT B alredpandeckoit popme:
r c & - c - - 5 =
2T . am 3 am . alt . Va W&
2-(cos—+isin—)) =2 (c‘us—-ﬁ :s:n—-6)=64-(c'us— :s:n—)=6=1-(———:—)=
(2 (eos  + 25 2 O 24 P 4 2 2

—3242 — 324/2:
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4 el el
J3(cosTa +igR 7o)

24 . ) ) 1 ey
= = (cos(75° — 15%) + isin (75° — 15°) = 8(cos60° + isin60°) =8 (- + %) =4+

djcos 15"+:::r. 15" -

EET]
@®opMa NpeIcTABJIEHAS Pe3yIbTAaTAa: BBIIOIHEHHAS paboTa.

Kpurtepun onenku:

- «OTnu4HO» - yMeHUs COPMUPOBAHBI, BCE 3aJaHUS BBIOJHEHBI NMPABUIBHO, 03
aprupMeTHYECKUX OMUOO0K, pemeHne 0hOpPMIICHO aKKypaTHO, C HEOOXOIMMBIMU 000CHOBAHUSMH.

- «Xopo1Io» - HEKOTOpble YMEHHUs C(HOPMUPOBAHBI HEJOCTATOYHO, BCE 3aJIaHUS BbI-
MIOJTHEHBI, HEKOTOPBIC BUJIbI 33/IaHUI BBIOJHEHHI ¢ ommOKkamu. be3ommbouno Bemonneno 80-89
% BceX 3aJIaHUH.

- «Y IOBIIETBOPUTETILHO» - HEOOXOIMMBIE YMEHUSI B OCHOBHOM C(OPMHUPOBAHBI,
OOJIBIIMHCTBO 3aJIaHUH BBIIOJIHEHO, HEKOTOPHIC M3 BBIMOJHEHHBIX 3aJaHHUI COJEPIKAT OIIHUOKH.
Beszommbouno BeimonaeHo 70-79 % Bcex 3amaHuil.

- «HeynoBneTBOpUTENBHO» - TEOPETUUECKOE COJIEp:KaHne Kypca HE OCBOEHO, HE00XO-
JTUMBIC YMCHHSI HE COPMUPOBAHBI, BBHITOJIHEHHBIC YYCOHBIC 3a/IaHUS COACPIKAT IPyObIe OIIMOKH.
Besommbouno BeimonHeHo MmeHee 70% Bcex 3aqaHui.

Tema 4.1. Teopus npeaeion
IIpakTuyeckoe 3ansitue Ne 8

BoiuuciieHue npeaesioB ¢ NOMOIIbIO 3aMeYaTe/IbHbIX MPeeioB, PACKPBLITHE Heonpeae-
JeHHOCTeH

Heab: HayunThbcst BBIYUCTATD Mpeesbl (yHKIHA.
Boinoinus padorty, Bel Oynere:
ymemo:
-BBIYHUCIIATD MIpesieibl (YyHKIUHN, UCTIONb3Ys TEOPEMBI O TIPE/eNax;
- PacKpbIBaTh HEOIIPEAEIEHHOCTH;
- HaXOJUTh Mpeeibl PyHKIMMA, UCTIOIb3YS GOPMYJIbl 3aMeUaTeNIbHbBIX MTPEIEIIOB.
MarepunanbHoe o0ecnedeHne: NHIUBUIYaIbHbIE 3aaHNsI, KOHCIIEKTHI JIEKLIUH.
3ananne:
Boraucnute npenens! GyHKIUI:
1. lim(2x3 — 10x? — 4x + 5)

x—2
3x2-11x+6

2. lim

x—3 2x2-5x-3
11x3-5x2-6x+10

3. lim
X—00 6x4—8x2+2
. sing

4, lim—2
x-0 X

a1
—
3
~
(U
I
|
N——
ul
R

KpaTtkue Teopernyeckue cBeieHH:

Packpvimue neonpedenennocmeii pasnuiunblx munos
Jlnist Toro 4ToObl HATH Tpeaes EeMEHTapHON (PYHKIUH, KOTJa apryMEHT CTPEMUTCS K 3Ha-
YEeHUI0, IPUHAAJIEKAIIEMy 00JacTu ONpeNeNeHus 3TOi (PyHKIUH, HYy’)KHO B BbIpaKeHUE (YHKIUU
BMECTO apryMEHTa MIOACTABUTD €ro MPEACIIbHOE 3HAYCHHUE.
Jlaneko He BesiKas MOACTAaHOBKA NPEAEIbHOIO 3HAYEHMS B (DYHKIUIO BMECTO HE3aBHCHUMOMH
IIEPEMEHHON MOJXKET cpa3y INPHUBECTH K HaxoxAcHMIO npenena. Ciydaud, B KOTOPBIX MOJCTaHOBKA

30



npeaAcIbHOIO 3HAYCHUS B q)YHKHI/IIO HC JacT 3HAYCHUA MMPEACIIa, Ha3bIBAOT HEOIMPECACIICHHOCTAMU,

K HIM OTHOCSITCSI HEOIIPEICIICHHOCTH BHUJIOB (fj, (gj, (0-0), (0—0), (1°°), (ooo), (00). Paccmorpum
0

HECKOJIBKO THUIIOB HpI/IMepOB, KJ'IaCCI/I(bI/II_II/IpySI HUX 110 BUAY HCOHpeI[eJIeHHOCTI/I u Hpe[[eJ'IBHOMy 3Ha-
YCHUIO X.
. - f(X) o
1-” mun. PaCCMOTpI/IM MMpUMCPLI BUJId ||mﬁ C HeOHpeI[eJ'ICHHOCTBI'O BUaa | — |, Irac f(X)
X—=0 () X o0
u (p(X) B 06IJ_IeM cnyqae — CJIOKHBIC CTCIICHHBIC UJIN ITIOKA3aTCIIbHBIC (1)YHKI_II/II/I B cnyqae CTCIICH-

HBIX (QYHKIME HEOOXOAMMO BBIHOCUTH 3a CKOOKY B YMCIMTENIE W B 3HAMEHArele JApodH x ¢
HauOOJBIIMM IIOKa3aTeleM CTEIEHH CPEeOd BCEX CllaraeéMbIX APOOM; B Cilydae IIOKa3aTelbHBIX
(GyHKIMI 32 CKOOKY BBIHOCHTCS Hanbojiee OBICTPO BO3PACTAOLIEE ClIaraeMoe Cpey BCEX cilarae-
MBIX 1po6u. ITocse cokpaleHus JpoOH HEONPEAEIEHHOCTh YCTPAHAETC.
I[Tos1e3HO 3aIIOMHUTD IIPABHJIO:
0, ectun<m,
fim 20X+ ax" 4+ tag g x+ay (fj _Jag
x> b x™ +bx™ 4. +b x+Db, bo

—,ecaun=m,
0

o0, ecau N > M.
2-11 mun. PaccMOTpUM mIpuMEpHI BUIA XILT% C HEOIPEICIICHHOCThIO BHIA (9). B atom
0

cirydae HeoOXOUMO Pa3JIoKUTh HA MHOXKUTEIIM U YHCIUTEINb, U 3HAMEHATEb APOOH WU JTOMHO-
KHUTh U YUCIUTEIb, U 3HAMEHATENb IPOOH HA OJIHO M TO YK€ BBIpaXKECHUE, MPUBO/IAIICE K popMyiam
COKpaieHHoro yMHokeHwus1. [Tocie cokparienus: 1poOH HEONPeIeIeHHOCTh YCTPaHIETCH.

3-it mun. PaccMOTpUM MPUMEPHI C HEONPEIENEHHOCTHIO BUaa (o—o). Eciu (yHKIus, cTos-
asi MoJ 3HaKOM TpeJiena, MpeACcTaBiseT co0oi anredpandeckyrd cymmy Ipobeid, To Heompenae-
JIEHHOCTh YCTpaHseTCs WM MPUBOJUTCS KO 2-My TUIy TIOcIie IPUBEACHUsS Apodeii k olrieMy 3Ha-
MeHaTento. Ecnu ynomsiHyTas (yHKIMS MpeAcTaBiseT co0oi anredpandeckyro CyMMy Hpparuo-
HaJIBHBIX BI)Ipa)KeHI/If/'I, TO HCOMNPECACICHHOCTb YCTPAHACTCA WM HNPUBOAWUTCA K l-My TUITY ITYTEM
JIOMHOKEHHUSI U JIeJIeHUs] (PYHKITMU Ha OJHO U TO e (COMPSIKEHHOE) BBIpaKEHHUE, MPUBOJSIICE K
(dhopmysiaM COKpaIIeHHOTO YMHOXEHUSI.

3ameuamenvhbie npeodenvl.

TepBbiit 3aMeuaTenbHbIA mpegen: lim >3 —1,
x=0 X

y y . 1Y , 1
Bropoii 3ameudarenbHbIif peaen (ucino e): lim|1+=| =e umm lim(l+y)y =e.
X y—0

X—>00

Jlyis Toro 4uto Obl M30aBUTHCS OT HEONPEECIEHHOCTH BHJIA (lw) HE0OXO0IUMO BBIJECIUTH Iie-
JYI0 4acTh JpoOu (KoTopasi JoJbKHA ObITh paBHA 1) B BRIpa)K€HUH, CTOSIIEM IO/ 3HAKOM Ipejiena
,KOTOpOE TpeACTaBIsIeT cO00H CTeNeHHO-NT0Ka3aTenbHy0 QyHKIH0. HeonpeneneHHOCTh ycTpaHs-
€TCsI IPY TIOMOIIIM BBIAEIEHHUS BTOPOTO 3aMEUYaTEILHOTO IIPEIENa.

Hanpumep:
k*g
. LA : 1
11m(1+—> =lim(1+0)*=>0") =lim|1+-—= =
X—0 X X—®0 X—00 ({)
k
1 ky 1\Y k
= lim (1+—) = [lim (1+—) =5
y—0 y X—0 y
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1) lim (1 - %)n = (1®) = lim l(l - %)%r*n — T =

n—-oo n—oo
3 3n, 2
= (n+2 ;2
2) llm(l——) = (1) = lim (1——) ={ an ={n>xm ={  n =
Nn—oo 4an Nn—ow 4n
.. 340 3
T =
. x4+3\* o
3) lim - ;JJaHHBIH Mpeiest MOXKHO BBIYUCIUTH ABYMS CLIOCOOaMU:
X—00 -
1 crioco®:
Pazgenum uncauTens Ha 3HAMEHATEN b BBIICIIUB 1IETYI0 YacTh:
_x+ 3 |x-2
x—211 x+3 5
=> =1+ ;
5 x—2 x—2
5 x 5x
X=271x—2 lim =%~ 5
. x+3\* . 5 \* . 5 5 " 5% lim=X Mx 2 lim——
lim (—) = lim (1 + —) = lim (1 + —) = (=52 = 5 E = Bio=5,
x—00 \X—2 X—0 x— X—0 x—2
2 cnoco0:
[ToaenuB YucauTE b M 3HAMEHATEIb APOOH Ha X, CBEJEM JaHHBIHM Mpe/Iei K YaCTHOMY IIPEJIC/I0B:
y
X X X
x 3 3 . 3
x + 3* 242 142 11m(1+;) /3 ;
llm( ) :l]m X )26 :l]m "26 :x—>00 x:Tzzf'
x—0 \X — xoo |\ X _ 2 x-wo\ 1 —%2 hm(l—z) £
X X X X—00 X

[Ipenensl OT HEKOTOPHIX TPUTOHOMETPUUECKUX (PYHKIMH HEOOXOAMMO peuiaTb MPUMEHSS
IIEPBBIN 3aMeYaTeIbHbIN MPEIE WIN 3aKOH YKBUBAJICHTHBIX BEJIMYMH NPH yCIoBUU X — 0.
DKBUBAJICHTHBIMH Ha3bIBAIOTCSI OECKOHEUHO MaJIble BETMUMHBI, IPEEI OT NOHSITHS KOTOPHIX PaBEH

CANHUIIC.

HOpﬂ)IOK BbIIIOJTHCHU A paﬁon:

1. Haiigute npenen GyHKIMU, UCTIOJIB3YSI TEOPEMBI O TIpeIeiax.

2. Ecnm nmomyuuiiack HEONPeAEIeHHOCTh, ONPEIEIUTE €€ BUI U CIIOCOO PACKPBITHUS.
3. TlpeoOpa3yiite QyHKINIO U PACKPONTE HEOTIPEICIICHHOCTD.

4. BeraucauTe npeaen.

Xon paborsr:
Haiitu npenen ¢pynkuuu:

1) lin”21(2x3-10x2-4x +5)
X—
Hcnonb3yeM TEOPEMBI O MpeieNIax:

lim(2x3 — 10x% — 4x + 5)

52
' =2(limx)3—10(limx)2—4limx+5=2-8—10-4—4-2+5=—27

X2 xX—2 xX—2

. 3x%-11x+6
2) lim——

x—3 2x2-5x-3
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@OyHKIUA NpesCcTaBIseT cO00M OTHOIIEHUE JBYX MHOTOYJIEHOB, 0OpAILAIOLINXCS B HYJIb B
touke X = 3.[ToaToMy cHagana nmpeobpazyem JaHHYIO (QYHKITUIO.
JIr060¥1 KBaIpaTHBINA TPEXUWIEH MOXKHO Pa3IOKHUTh HA MHOKUTEIU C TOMOIIBIO (hOPMYJIbI

ax*+ hxr +c= ax —x, ){x —x.), TJC ¥; M x2KOPHHU KBAJIPATHOI'O TPEXYJICHA.
KopHsiMu KBaZpaTHOTO TpexuiieHa 3x® — 11x + 6 SBJSFOTCS YUCIA -H 3; 3HAYMT
3

2
3x2 —11x+ 6 = 3(x — 3)(x—§)

1
A KOpHHM KBaJ[paTHOTro TpexuseHa 2x%-5x-3 paBHbI - U 3, CIIe0BAaTEILHO

2x2—5x—3 = 2(x—3)(x+%)
Bo3Bpamasch K npeeny, HMeeM:

2 2
C O 3xE11x+6 0 3(x3)(x-3) 3(x-3)
lim—————=lim———— - = lim———-
x-3 2x%-5x-3 X=32(x-3)(x + E) >32(x + —)

3x-2  3lmx-2  3.35 7

_x‘3§2><+1_21irr31x+1_2-3+1_7
X—

. 11x3-5x%2—6x+10
3) lim
X—00 6x%—8x2+2

Tak Kak MHOTOYJIEHBI B YUCIUTENE U 3HaMEHAaTEIe CTPEMSTCA K 00, TO IOJIYyUaEM HCOIIPEAC-
JICHHOCTDb BHUJa [—] Z[J'ISI €C PACKPbITHUA Pa3ACIIUM KaKAO0C CJIAaracMoeC YUCIINTEIISI U 3BHAMCHATECIIA

Ha «* . Torma MMOJIy4YnM:

) . 11x* 5¢° 6x 10 11 5 6 10
11x% —5%% — 6x + 10 = T F T ETE T T EZTETE o
lim 3 S = lim I 7 = lim =-=10
=1 Gx¥ — Byt £ 2 x=m  Bx7  Bx® N 2 3 __E_r + 2 &
BRGRES P
. X
sm;
4) lim
x-0 X

YtoObl BEIUMCIUTG Mpeen (pyHKINH, HYy’KHO BOCIIONIB30BaThcs (POpMYJION IEpBOro 3aMeya-
. Sinx
TeapHOrO mpeaena: lim— = 1.
x-0 X

1
VYMHOXHUM YHCIUTEIb H 3HaAMEHATEIIh ,Hp06I/I Ha E

. X 1 . x . X
sin= =sin= 1 sin= 1 1
- 2 _ a2 2 _ 2 _ _
lim =lim*F—==-lim—F==--1==
x>0 X x-0 2y 2x-0 = 2 2

2

5) lim (1 - %)Sx

X— 00
[IpeobpaszyeM (yHKIHIO Tak, YTOOBI MOXKHO OBLIO TPUMEHUTH BTOPON 3aMeuaTeIbHBIA Ipe-

X
aen . lim (1 + i) = e. BeeneM HOBYIO epeMEHHYI0: X = -3y; X — 00; y — 00,

X—00
tim (12 = im (1= )" = dim (143) T ==
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®opMma npeacTaBieHUs pe3yJbTaTa: BRIIIOJIHEHHAs padoTa.

Kpurepumn oneHku:

- «O1muHO» - yMeHHs cOPMHPOBAHBI, BCE 3aJaHUs BBIIOJHEHBI MPaBUILHO, 0€3
aprupMeTHYECKUX OMUOO0K, pemeHne 0hOpPMIICHO aKKypaTHO, C HEOOXOIMMBIMU 000CHOBAHUSMH.

- «XopoIIo» - HEKOTOpble YMEHHUs C(HOPMUPOBAHBI HEJOCTATOYHO, BCE 3aJIaHUS BbI-
MIOJTHEHBI, HEKOTOPBIC BUJIbI 33/IaHUIl BBIOJHEHHI ¢ ommOKkamu. be3ommbouno Bemonneno 80-89
% BceX 3aJlaHUH.

- «Y IOBIIETBOPUTEIIBHO» - HEOOXOJMMBIC YMEHHS B OCHOBHOM C(OPMHPOBAHHI,
OOJBIIMHCTBO 3a/IaHU BBIIOJIHEHO, HEKOTOPHIC M3 BBIMOJHEHHBIX 3aJaHHUI COJEPIKAT OIIUOKH.
Beszommbouno BeimonaeHo 70-79 % Bcex 3amaHuil.

- «HeynoBneTBOpUTENBHO» - TEOPETUUECKOE COJIEp:KaHne Kypca HE OCBOEHO, HE00XO-
JUMBIC YMCHHSI HE C(OPMUPOBAHBI, BBHITOJIHEHHBIC YYCOHBIC 3a/IaHUS COACPIKAT IPyObIe OIIMOKH.
Beszommbouno BeimonHeHo meHee 70% Bcex 3aqaHui.

Tema 4.1. Teopus npeaesion
IpakTuyeckoe 3ansitue Ne 9

HccnenoBanue pyHknmnii Ha HeMpPepbLIBHOCTH M TOYKH pa3pbiBa

Henab: HayuuThcs HAXOAWTHh TOYKM pa3pbiBa (DYHKIHNA, ONPENeisITh WX POJl, HAXOIUTH
ACHUMITOTHI IPpapUKOB QPYHKIIHIA.

Beimosnus padory, Bel Oyaere:

ymembs:

- HCCIIeIOBAaTh (DYHKLIMU HAa HETIPEPHIBHOCTb;

- HAXOJUTb TOYKH pa3pbiBa, ONPCACIATE UX POA,
- HaXOJIUTh aCUMIITOTBHI.

MarepuanbHoe o0ecnedyeHue: WHIANBUAYyATbHBIE 3aJaHUSl, KOHCIEKTHI JEKIUH, Tabmuia
MIPOU3BOTHBIX.
3ananmue:

HccnenoBaTh (pyHKIMHM HA HEMTPEepbIBHOCTh. HaliTH TOUKM pa3pbiBa U ONpeaenuTh Ux pol. Haiitu
ACUMMTOTHI (PYHKIIHH.

2 43,
1) .T = _'::_+D’

2x® —4x-30
2) y="m

KpaTtkue Teopernyeckue cBeieHH:
Toukamu paspwviea hyHKyuu Ha3BIBAIOTCS TOYKH, B KOTOPBIX HAPYIIACTCS YCIOBUE HEMPEPhIB-
HOCTH (YHKIIUH.
Bce Touku pa3pbiBa GyHKIUH pa3IesOTCsS Ha TOYKH Pa3pbiBa MEPBOTO U BTOPOTO PoOJa.
Touka paspsiBa X Ha3bIBaCTCS MOUKOU pazpwvléa nepgoeo pooa GbyHkiuu y = f(x), ecnu B 3TOH
TOYKE CYIIECTBYIOT KOHEUHBIE MPE/eIIbl (PYHKIHH CJICBA U CIIPaBa, T €

lim f(x) =A;u lim f(x) = A,. Ilpu stom: eciiu A; = A,,T0 TOYKa X, Ha3bIBAETCS TOY-
xX—x9—0 x—x9+0

KOW YCTPAaHUMOTO pa3pbiBa; €cilinA; # A,, TO TOUKa Xy Ha3bIBAETCS TOYKON KOHEUHOTO pa3phbl-
Ba.
Touka pa3pbiBa X, HA3bIBACTCS MOUKOU paszpviéa emopoco pooa GyHkmu y = f(x), ecnu 1mo
KpaiiHell Mepe OJJMH U3 OJJHOCTOPOHHUX MPEIETIOB HE CYIIECTBYET HIIM PaBeH OECKOHEUHOCTH.
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Acumnmomoii zpaghuxa @ynkyuuy = f(xJHa3pIBacTCs MpsAMasi, 00JIagaroniasi TeM CBOHCTBOM, YTO
paccrosuue ot Toukulx: £(x)) 10 STOH NPAMOM CTPEMUTCS K HYJIFO IIPU HEOTPAHUYIEHHOM Y IaIEHUH
TOUYKHU IpadyKa OT Hayaja KOOpAHHAT.

[Ipsimast x = a Ha3BIBACTCS BEPMUKAIbHOU acumnmomot Tpaduka QYHKIUH ¥ = f(x]}, €CIu
XOTs OBl OJTHO U3 MIpEAEIIbHBIX 3HadyeHuit lim, . _g fix) v lim,_,4q f(x) paBHO —00 WJIM +02 ,

3ameuanue. llpsimast x = a HE MOXET OBITh BEPTUKAIBHOW aCHMIITOTOM, eciu (yHK-
LMs HETIpEphIBHA B TOYKE x = a. [103TOMy BepTHUKaIbHBIE ACUMIOTOTHI CIEAYEeT MCKAThb B TOYKAX
paspbiBa QyHKITUH.

[Ipsimast y = b Ha3bIBACTCS 2OPU3OHMANbHOU acumnmomou Tpaduka GyHKIUHU ¥ = f(x), eciau

XOTsI ObI OJTHO U3 TIPEACIbHBIX 3HAUCHUH lim, o f(x) v lim,___. f{x) paBHO b.

3ameuanmne. ['padux QyHKIHH MOXKET UMETh TOJIHKO MPABYI0 TOPH3OHTAIBHYIO aCHMIITOTY
WM TOJIBKO JIEBYIO.

[Ipsimast y = kx + b HA3BIBACTCSA HAKIOHHOU acumnmomot rpaduka byHK-

UH ,ecin lim, _o| fx) — kx —b] = 0

fix)

Eciu nns dyHkmum vy = f(x) CYLIECTBYIOT MpeAebl “m.r-::JT = k ulim,_u(f (x) - kx}=Dh, TO
(GyHKIHS IMEET HAKJIOHHYIO aCUMITOTY ¥ = kx + b TIpH x — @,

IHopsaok BbINOIHEHUS PA0OTHI:

1. Haiiti o6nacte onpeaeneHust GyHKIIUHN U BBIIBUTH TOUKU Pa3phIBa.

2. Haiftu acuMnTOThI (PyHKIHH.

Xoa paGoTsI:

HccnenoBath QyHKIMIO Ha HENPEPhIBHOCTL. HallTh acuMNITOTHI QyHKITUH.

x

y=

O6nacts onpenenenus Gyaxuuu D (f) = (—wo; 1)U (1; +0)

Touka x = 1 gByisieTcs TOYKOU pa3pbiBa 2 poja, T.K.

2

. x< 1 . x° 1
limy o= =[] = —®lim_ g ——= || =+
&X AX—i th

— ul

[Ipsimast x = 1 — BepTUKaJbHAs acUMMTOTa (YHKIMH. YpaBHEHHE HAKJIOHHOW aCHMIITOTHI
UMeeT BUj v = kx + b,

k=1 =) li il li l li ! L
= _erx{E_r—2]x_rLT=2x:—2x_rLT=7_;_2
T ox
) xt 1 Coxt—x(x-1) | xt-xT4x x ) 1 1
il T b Rl T R TR LR L T A
Toox

Koneunsbrit Bug npsiMoit cieayromuii
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dopma npeacTaBJieHUs pe3yJbTaTa: BRIIIOJIHEHHAs paboTa.

Kpurepumn oneHku:

- «O1muHO» - yMeHHs cOPMHPOBAHBI, BCE 3aJlaHUS BBIOJIHEHBI MPAaBUILHO, 03
aprupMeTHYECKUX OMUOO0K, pemeHne 0hOpMIICHO aKKypaTHO, C HEOOXOIMMBIMU 000CHOBAHUSMH.

- «Xopo1Io» - HEKOTOpble YMEHHUs C(HOPMUPOBAHBI HEJOCTATOYHO, BCE 3aJIaHUS BbI-
MIOJTHEHBI, HEKOTOPBIE BUJIbI 33/IaHUIl BBINOJHEHHI ¢ ommOKkamu. besommbouno Bemonneno 80-89
% BceX 3aJlaHUH.

- «Y IOBIIETBOPUTEIIBHO» - HEOOXOJMMBIC YMEHHS B OCHOBHOM C(OPMHPOBAHHI,
OOJBIIMHCTBO 3a/IaHUi BBIIOJIHEHO, HEKOTOPHIC M3 BBIMOJHEHHBIX 3aJaHHUI COJIEPIKAT OIIUOKH.
Beszommbouno BeimonaeHo 70-79 % Bcex 3amaHuil.

- «HeynoBneTBOpUTENBHO» - TEOPETUUECKOE COJIEp:KaHne Kypca HE OCBOEHO, HEOOXO-
JTUMBIC YMCHHSI HE C(OPMUPOBAHBI, BBHIITOJHEHHBIC YUCOHBIC 3a/IaHUS COACPIKAT IPyObIe OIIMOKH.
Beszommbouno BeimonHeHo meHee 70% Bcex 3aqaHui.

Tema 4.2. IluddepennuanbHoe ucHucjieHue PyHKIMU OJHOM 1elCTBUTEILHOI epeMeHHOoM
IIpakTuyeckoe 3ansaTue Ne 10

BorunciieHne nNpou3BOAHBIX CJI0KHBIX QyHkuuii. [Ipumenenue npasuia Jlonuraus

Lean: HayunThcst HAXOAUTH POU3BOIHBIC CIIOKHBIX (DYHKITHIA.

Beimosnus padory, Bel Oyaere:

ymembs:

- IPUMEHSATH NpaBuia JupdepeHIpOBaAHUS;

- HaXO/IUTh MPOU3BO/IHBIE CIOKHBIX (DYHKIUH.

MarepunanbHoe o0ecneveHue: WHIAUBUAYAIbHbIE 3aJaHUS, KOHCHEKTHl JIEKLIMH, Tabiuua
IIPOU3BOIHBIX.

3ananne:

Haiitu npousBoHble QyHKIMI

1. y=(5x%—2x)*

2. flx) = 3sin(2x —'4—’]

3. flx) = arcsindx + arccos”x
4, flx) =logs(7x*—5x¥ 4+ 1)
5

f':_r) — {;I‘]_ |L+EDSI

v l-cosx

Ilopsinok BbINOJHEHHs PadOTHI:

1. Onpenenute Bua QyHkuuu. Ecnu QyHKIMS SBISETCS CIOXKHOM, TO BBEIUTE MPOMEKYTOU-
HBII apryMeHT.

2. Omnpenenute, KakKuMU IpaBuiaamMu auddepeHnnpoBaHust HYKHO BOCIONIb30BaThes. [Ipume-

HUTE COOTBETCTBYIOIEE MPABUJIO.

Hcnonb3ys Tabauily nponu3BOAHBIX, HAWIUTE MPOU3BOIAHBIC (DYHKITHIA.

4. PackpoiiTe CKOOKH M MPUBEIUTE MOAOOHBIE, €CITH ATO YIPOCTUT 3aMUCh (QYHKIIUH.

w

Xox padoThI:
Haiiti mpon3BoaHbIe PYHKIIHIA:

1. gl =(1-4xH)°
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@yHKIUA ABISETCA CI0XKHOW CTENIEHHON. BBeeM IpOMEKyTOUHBIN apryMeHT u =1 —4x=. Jlns
muddepeHrpoOBaHys HY)KHO BOCIIOIB30BaThCs GopMyIIon (u™) = nu™! - u

)

¥y = 10(1 —4x%) (1 —4x%) =10 (1 — 4x*)%(—8x) = —80x(1 — 42%)
2. flx) = siﬂéx *cos 2x

DyHKIUS OPEICTaBIIsIET COOON MPOU3BEICHHUE JBYX CIOKHBIX TPUTOHOMETPHUYECCKUX (DYHKIIHH.
[TosToMy cHaudaja BOCIIOJIb3yeMcs npaBuaoM auddepeHuupoBanus (U -V) = UV 4+ UV

. 1 |
flx) = {sin;x ~cos 2x) = (sin ;x] cos2x + sin ;x{cus?x]

o o L o
BBenem mpoMeKyTOUHBIN apryMeHT: JUIsl TepBOM (PYHKIUH u = - x, IJIsi BTOPOH (PYHKIWH u = 2x,

[Ipu g hepeHIIMPOBAHIH UCIIOJIb3yEM CJIeIYIOIINe bopMyIbL:
{sinu]' = cosu-u,(cosu) = — sinuu.

L 1 1 ) ,
flx) = {sin;x ~cos 2x) = (sin ;x] cos2x + sin ;x{cus?x]
1 1 1 i A | 1 1
=ros—x-|—-x| - c052x+sfn—x-{_—sfn2x] ' {_2_7:] = —ros—Xxcosdy — 25in — x - sindx.
2 2 2 2 2 2

A3T+5T"

3. y=

Ioga (3+10x7

@OyHKIMSA OpeAcTaBiIsieT co00i yacTHOE JBYX CIOXHBIX (yHKImi. [ToaToMy cHayana BoCmosb3y-
L U V-1

e

eMcs mpaBuiioM auddepeHnpoBaHus G) =

(25745 y1  log, (3 4 10x) — 2945 . (log, (3 + 10x))’
- (log, (3 + 10x))°

y

BBeneM mpoMexyTOUHBIN apryMeHT: Ajs HepBod (QYHKUUHU u = 3x + 3x°, JJ BTOPOM (QyHKUMH
u =3 + 10x,

[Ipu quddepeHnnpoBaHuy UCIIOIB3yEM CIIEAYIOMHME POPMYJIBL: (a*)' = a“lna - ', (log, u)' = TN

wina

2 2
+5s Fman S L . i A3r+5x% pen (2w ) Bl 1 g (3L {0y )7 dnd 5 FERT T
, I:.{T Sx I"]:_gi'._J-I-iu.'l.':'—:'{T iy 'I]:,;L,IJ-I-]....'I.'II' a im? [3x+45x :I ],_gi|~_1+]_,_'|_:| 2 |_{—1:ITI!||;'IJ+1"1|

y = = =

|:|=§i|3+1:.'l.'||3 |:|=§i|3+].:.'l.'||3

10
L3+ 1) ind

Byt : - n o n FEx"
2T 2134 101 leg, (34 10x) —23F5%

|]=§i|3+1:.'l.'||3

4, flx) = nrcs:'n%x+ arccosdx

OYHKIUS MPECTABISET COO0H CyMMY JABYX CIIOKHBIX OOpPaTHBIX TPUTOHOMETPUIECKUX (DYHKITHIMA.
[TorTOoMy cHavaia Bocmob3yeMcs npaBuwiom auddepeHiupoBanus (U + F]' =U +V.

. 3y
flx) = (nrcs:'n E.r) + {arccosSx)’
BBenieM IpoMeKyTOUHBIH apryMeHT: 171 IepBOi QYHKIMY u = %x, JU1sl BTOPOM (YHKIIMY 4 = 5x,
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[Tpu L[Hq)(bepeHquOBaHHH HCITOJIB3yEM CJIeTYIOIINe bopMyJIBL:

- ] u'
(aresinu)’ = : (arecosu)' = - —
v1l-u? »'l—u-
f'[.r} = (nrcstn .r) + (arccosax)'= .—(J_r) ——(5x)' = = - .:_
l dn 5 'l f 1} Il—;’, v1-2hx°
\] 28"

5. f(x) = arccosV1 — &=

OyHKIHS SIBISIETCS CII0XKHONW 00paTHON TPUTOHOMETPUYECKO. BBeneM mpoMeKy TOUHBIH apryMeHT
R
u =+1—e=. Jlnsa quddepeHnpoBaHus Hy>KHO BOCHIONb30BaThes Gopmyinoit  (arccosu)’ =

w-l—u-

7 (x) = (arccosv1 — & ) - ﬁ (1=&F).

[IpoMexyTOUHBII apryMeHT SIBJISIETCS TAK)Ke CII0XKHOU (yHKIMel. BBeaem u 11 HEro HOBBIN IIpo-
MEXYTOUHBIN apryMeHT u =1 — e,

g nuddepeHunpoBaHus HYKHO BOCIIOIB30BaThCs POPMYIIOii

(Vi) ==

Wi

flx) = '[nrccus V1-—g* } = _% (V1- e“}l = — . l— (1-6%)' =
y 1=[1—a<")

Y I-148% IV l-a=
1

_ {71}_

g% 31 _g2x V-t

®opma npeacrapiaeHus pe3yJabTaTa: BHIIOIHEHHAs padoTa.

Kputepuu onenkmu:

- «OTIu4HO» - yMeHUs COPMHUPOBAHBI, BCE 3aJaHWs BBITOJIHECHBI MMPABUIBHO, 03
apudmeTnyeckux ommOOK, perieHne opopMICHO aKKypaTHO, ¢ HEOOXOUMBIMUA 000OCHOBAHUSMH.

- «XopoIo» - HEKOTOpble yMEeHHs C(HOPMUPOBAHBI HETOCTATOUHO, BCE 3aJaHUS BbI-
MIOJTHEHBI, HEKOTOPBIE BUJIBI 3a/IaHUI BBIITOJIHEHHI ¢ ommOKkamu. be3ommbouno BemonaeHo 80-89
% Bcex 3aJaHu.

- «Y IOBIIETBOPUTETILHO» - HEOOXOJMMBIE YMEHUS B OCHOBHOM C(OPMHUPOBAHBI,
OOJBIIMHCTBO 3a/IaHUi BBIOJIHEHO, HEKOTOPHIE M3 BBIMOJHEHHBIX 3aJaHUN COJEp)KaT OIIUOKH.
Bbeszommbouno BeimonaeHo 70-79 % Bcex 3amaHuii.

- «HeynoBIeTBOPUTEIIBHO» - TEOPETHUECKOE COJIepIKaHNe Kypca He OCBOSHO, HEOOXO-
JIUMbIe YMEHHS HE C(POPMUPOBAHBI, BBHIIOIHEHHBIC YUeOHBIC 3a/IaHUs COAEPKAT TPyObIe OIMIHUOKH.
Bbe3omm6ouno BeImoHeHO MeHee 70% Bcex 3aIaHuni.

Tema 4.2. IludgdepenuuanbHoe ucuucjienne GyHKIUM OHOM AeiicTBUTEILHON NepeMeHHOi
IpakTuyeckoe 3ansaTue Ne 11

HccaenoBanue GpyHKIMN U IOCTPOeHUE rPpauKOB
Hean pabotbl: HayunThes nccnenoBath GyHKIMHA U CTPOUTH TpaduKu HyHKITAH.
BbinosinuB padory, Bel Oynere:

ymembo:
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- IPOBOJIUTH UCCIIEOBaHUE (DYHKIUI ¢ TOMOIBIO IPOU3BOTHOM;

- CTPOUTH IpaduKu PYHKIUH.

MarepunanbHoe obecrieyeHue:

WupuBuayanbpHble 3a0aHNs, Ta0IUIA TPOU3BOHBIX, KOHCIIEKTHI JIEKIUN, YICOHUKH.
3aganue:

HccnenoBaTh GyHKIUIO 110 001IEH cXeMe U IOCTPOUTH €€ Ipaduk:

1. flx) = 5% — 325,

2. flx) =

X
-4
KpaTkue TeopeTnyeckue cBeIeHUS:
Oowan cxema uccineoosanus yHKyui.
1. Haiitu obmacts onpeaenenust Gpyukuuu D (y).

2. Haiiti (ecnu 3TO He BBI3bIBACT 3aTPYAHCHUI) TOUKH MepeceueHus rpaduka ¢ 0CsIMHU KOOp-
auHatT (pu X = 0 u ipu y = 0).

3. HccnegoBathb (bYHKHHm Ha NNCPpUOJUIHOCTDb, YETHOCTb U HCUCTHOCTD.

4. Haiitu HHTCPBAJILI MOHOTOHHOCTHU, TOUKHU DKCTPEMYMOB U 3HAUCHU A q)YHKHI/II/I B 3THUX TOY-
Kax.

5. HaiiTi uHTEpBabl BRIYKJIOCTH (BOTHYTOCTH) UM TOUYKH Neperuda rpaduka GyHKIuu.
6. Haiitn acuMnToThl rpadguka QyHKIUH.

7. HaliTu 1OMOMHUTENIbHBIE TOYKH U IOCTPOUTH IpadK MO pe3yibTaTaM UCCIST0BaHMS.
8. HaiiTi o6nacTh 3HaUeHUH.

Anzopumm HaxoxncoeHUus IKCMPeMymos YHKYuU u UHMEPLAINe ee MOHOMOHHOCHU C
HOMOUWbIO NEPBOIL NPOU3BOOHOIL

1. Haiitu oGnactp ornpeseneHus: pyHKIIMU ¥ UHTEPBANIbI, Ha KOTOPBIX (DYHKIINS HENPEphIBHA.
2. Haiiti npousBoanyro ¢pynkuuu f'(X).

3. Haiiti kputnyeckue Touku pyHkiuu Y = f (X), T.e. TOUKH, NpUHAAJISKAIHE 00IACTH ONpe-
neneHus: pyHKIMHU, B KOTOPBIX pou3BoAHas f'(X) oOpariaeTcs B HyJb HIIH HE CYIIECTBYET.

4. UccnenoBath Xapaktep uaMeHeHnust pynkuu f (X) u 3Hak npousBoaHoii f '(X) B mpoMexyT-
Kax, Ha KOTOpbIC HalICHHbIC KPUTUUECKIE TOUKH JCIAT 00JacTh onpeaeieHus Gpyukmuu y = f (X).

5. OTHOCUTENBHO KaXKJI0M KPUTUYECKOW TOUYKHU ONPEETUTh, BJISAETCS I OHA TOUKON MaKCH-
MyMa, MUHUMYyMa WIH HE SBIISIETCS TOUKOU DKCTPEMyMa.

[ToMHHU: KpHTHYECKasi TOYKa Xo €CTh TOYKAa MHHHUMYMa, €CIIM OHA OTICISICT IPOMEKYTOK, B
kotopoM f '(X)<0, ot mpomeskyTka, B koTopom f '(X)>0, 1 Touka MakcuMyMma - B IPOTUBHOM CTy4ae.
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Ecnu ke B coceqHUX MPOMEKYTKaX, pa3AeJI€HHbIX KPUTHYECKOW TOYKOM Xo, 3HAK MPOU3BOJIHON HE
MCHSICTCSI, TO B TOYKE X0 q)yHKI_[I/IH 9KCTpEMyMa HC UMCCT.

6. BoruncnuTh 3HaueHus (yHKIUU B TOYKAX SKCTpEMyMa.

7. 3anucaTh pe3ysbTaT UCCIeNOBaHUS (PYHKUIMU: MPOMEKYTKH MOHOTOHHOCTU M IKCTPEMY-
MBI.

Anzopumm HAX0XHCOCHUA BLINYKIOCHEN (OYHKYUU U MOYEK nepezuda:

1. Haxomum BTOPYIO IPOU3BOIHYIO.
2. HaxoauM TOUKH, B KOTOPBIX f (x) = 0 WM He CyIIECTBYET.

3. Hccnemyem 3HaK BTOPOM MPOM3BOIHOM CJIEBa M CIIpaBa OT HAMJICHHBIX TOYEK U Jie-
JIaeM BBIBOJ] 00 MHTEPBAIAX BBITYKIOCTH U O HAJIMYUHU TOUYCK Teperuoa.
4. Haxoaum 3HaueHue (yHKIMH B TOUKaX Meperuoa.

Acumnmombul.

Acumnmomotui epaguxa @yuxkyuuy = f(x)Ha3pIBa€TCs MpsAMasi, 00Jaaaronias TeM CBONCTBOM,
4TO PACCTOSIHUE OT TOuKM(x: f(x)) 10 STOM IPAMOM CTPEMUTCS K HYJIIO IIPH HEOrPAHHYEHHOM y/Ia-
JICHUU TOYKH rpadyka OT Hayajia KOOpIUHAT.

[Ipsimast x = a Ha3BIBACTCS 8epmuKaivHol acumnmomot Tpadpuka GyHKIMUA ¥ = fix), €clIu
XOTsI ObI OJTHO M3 MIPEACIbHBIX 3HAYCHUH lim, ;g fx) wam lim, ;.o f(x) paBHO —ooMmIH +02,

3ameuanme. [Ipsmas x = a He MoXeT OBbITh BEPTUKAIBHON acCHUMITOTOM, eciau (YyHK-
1[1sl HENpEephIBHA B TOUKe x = a. [103TOMy BepTHUKaJIbHBIE ACHMIITOTHI CJIEIyEeT MCKaTh B TOYKaX
pa3pbiBa QyHKINU.

[Ipsimast ¥ = b Ha3bIBAETCS COPU3OHMANLHOU acumnmomoul rpaduka QyHKUUHN y = f(x), ecnu

XOTsI ObI OJTHO M3 TIPEACIbHBIX 3HAUCHUH lim, . f(x) v lim,___. f{x) paBHO b.

3ameuanue. ['padpuk QyHKIHMU MOXKET UMETh TOJBKO MPaBYH0 FOPU30HTAIBHYI0 aCUMIITOTY
WIH TOJIBKO JIEBYIO.

[Mpsimast ¥ = kx + b HAa3BIBACTCS HAKIOHHOU acumnmomot rpaduka GpyHkmn y = f(x),
eciu lim, | flx) —kx —B| = 0
Ecnn s QyHKUMM ¥ = f(x) CYyIIECTBYIOT MPEAEIBI lim_l._,n"% = k nlim,_(f{x) —kx) = b, TO
(GYHKIMA UMeeT HAKJIIOHHYIO aCUMITOTY ¥ = kx + b TIpH x — @,
IHopsinok BbINIOJIHEHHUS PA0OTHI:

1. IIpoBecTn ananu3 3aaHHON (DYHKITHH TI0 OOIIEH CXeMeE.
2. I[Toctpouts rpaduk GyHKIUH.
Xox pabdoThI:

HccnenoBaTh (PyHKIUIO M TOCTPOUTH €€ rpaduk.
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¥

y¥=

2x—2
1. O6nacts onpenenenus pyuxuu D(f) = (—e0; 1)U (1; +0)
2. ITpu noacranoBke 3HaueHus x = 0 moayyum y(0) = 0,

Takyto ke TOUKy MOJIy4yuM, €CIIU MpHupaBHsieM (YHKIHIO K Hymo. Touka x = 0 - eJMHCTBEH-
Has TOYKa IIEPECEUCHHUs] C OCSIMU KOOPIMHAT.

3. [IpoBepsieM (HyHKIMIO HA YETHOCTD

J.{_x] = (-x)? = — x

- tx+2

yl—x) = ylax);yl—x) £ —y(x).
Wrak, yHKIMS HA YeTHAsI, HA HEYETHAs, HEIIEPHUOIUIECKasl.

4.J1511 OTHICKaHUSI UHTEPBAJIOB MOHOTOHHOCTH BBIYHCIISIEM NIEPBYIO MIPOU3BOAHYIO (DYHKIIUU

o 2x(2x —2) =2 4xt —4x — 20 22t —ax
YT T @2 T @m-2f T (x-2)f

[IpupaBHUBas €€ K HYJIO, MOJIYYHM KpUTHYECKHE TOUKH ¥ = 0: x = 2. OHU pa30uBarOT 00J1aCTh
OIIpeAEIICHUs Ha CIEAYIOIINE UHTEPBAIBI MOHOTOHHOCTH (—o2; 0 W (0 13U (1 2) U (2; +00)

I/ICCJ'ICI[yeM ITOBCACHUC HpOH3BOI[HOI>i CJICBA U CIIpaBa OT HalJICHHBIX TOYEK pa36I/IeHI/I$I.

I'paduuecku MHTEPBAIBI MOHOTOHHOCTH OYJYT UMETh B

»
|- = - —|—‘
0 1 2

Uccnenyemast pyHKIMs Bo3pacTaeT Ha MHTepBaiax (—oe; 0} U (2; +e2) u yobIBaeT (0: 1) U (1: 2).
5.Touka x = 0 TOYKA JIOKAJILHOTO MAaKCUMyMa, x = 2 — JJOKaIbHOr0 MUHMMYyMa. Haiinem 3Ha-

yeHue GpyHkuua y, . =0y =2

6.. I OTBICKAaHUS MHTEPBAJIOB BBITYKJIOCTH HalJIEM BTOPYIO IPOU3BOIHYIO

s B-d@-2P-f-2@-2o2 8 8 1
7 (2x — 2)* T 2x -2 8(x-1) (x-1)°

Takux UHTEpBAJIOB HET, MOCKOJIbKY BTOpast MPOM3BOIHAS HE IPUHIUMAET HYJIEBBIX 3HAUCHUN B
00J1acTH OmpeIeICHUSI.

7. llpsimast x = 1 — BepTUKaNbHAs aCUMIITOTa (DYHKIUU. YpaBHEHHE HAKJIOHHOW aCHMIITOTHI
uMeeT Bu v = kx + b,

k=1 f_{x] li —x: li i li !
¢ = lim = lim =lim ————= lim
X=X o2y — 2]y x==2x — 2y xo= 2

I | =

|
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8.Ha ocHOBe MpOBEIEHHOTO aHAJIM3a BBHIOJHIEM MOCTpoeHue rpaduka Gpynkmun. s storo
CHa4aJa CTPOWM BEpPTHKAJIbHBIC W HAKJIOHHBIE aCHMITOTHI, 3aT€M HAXOJIUM 3HAa4eHUE (YHKIHU B
HCCKOJIbBKHUX TOYKaX U IO HUX INPOBOJUM IMOCTPOCHUC.

y=(x+1)/2

®opma npeacTaBiaeHus pe3yJbTaTa: BHIIOIHEHHAs paboTa.

Kpurepun onenkn:

— «OTnu4HO» - yMeHUs cOPMHUPOBAHBI, BCE 3aJjaHMs BBIMIOJHEHBI MPABUIBHO, 03
aprupMeTHYECKUX OMUOO0K, penreHne 0hoOpMIIEHO aKKypaTHO, C HEOOXOIMMBIMU 000CHOBAHUSMH.

- «XopoIio» - HEKOTOpble YMEHUsI C(HOPMUPOBAHBI HEJOCTATOYHO, BCE 3aJIaHUS BbI-
MIOJIHEHBI, HEKOTOPBIE BUBI 3aJJaHUIl BBHIMOIHEHHI ¢ omuOKkamMu. bezommbouno BeimonHeno 80-89
% Bcex 3a/laHui.

- «Y 1OBJIETBOPUTEIBLHO» - HEOOXOJMMBIE YMEHUSI B OCHOBHOM C(OPMHUPOBAHBI,
OOJBIIMHCTBO 3a/IaHUi BBIOJIHEHO, HEKOTOPHIE M3 BBIMOJHEHHBIX 3aJaHUN COJEp)KaT OIIUOKH.
Bbeszommbouno BeimonaeHo 70-79 % Bcex 3amaHuii.

— «HeynoBneTBOPUTENBHO» - TEOPETUUECKOE COJIEpKaHne Kypca HE OCBOEHO, HEOOXO-
JIUMbIe YMEHHS HE C(POPMUPOBAHBI, BBHITIOIHEHHbIC YUeOHBIC 3a/IaHUs COAEPKAT TPyObIe OIMIHUOKH.
bezommbouno BrIOTHEHO MeHee 70% Bcex 3agaHui.

Tema 4.3. UuTerpajbHoe HcUMcaeHUue (PYHKIIMU OHOI 1eliCTBUTEIbHOI NepeMeHHOM]
IMpakTnyeckoe 3ansaTue Ne 12

HNHTerpupoBanue 3aMeHOM MePEMEHHOM U 110 YACTAM B HEONpedeJIeCHHOM HHTerpaJe

Leas padorbl: Hayuntbcss MHTErpupoBaTh (QYHKIMH, UCIIONb3YS PA3IMYHBIE METO/bI MHTE-
IPUPOBAHUS.

Boinosinus padorty, Bl Oynere:

ymembp:
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- HaxXOAWThb HCONPCACICHHBIC HHTErpajibl METOAOM HEIOCPECACTBCHHOIO HMHTCIPUPOBAHMA,
METOJO0M ITIOJACTaHOBKH,

- HaXOJIUTh HEOIPeIeJICHHbIE HHTETPAJIbl METOJIOM UHTETPUPOBAHHUS 10 YACTSIM.
MarepuasibHoe o0ecnieyeHue:
NnauBuayanbHble 3aaHusl, TAOIUIA HHTETPAIOB, KOHCIIEKTHI JIGKIIUN, YYeOHUKH.
3aganmue:

HajinnTe HeonpeaeJgeHHbIe HHTETPAJIbI:

1)_]"{:8.1:4 — 6x° 4+ 2x — 3)dx

3)f cos(10x — 5) dx
4) [ 3 rdx

5) J- Sdx

254+18x°

HOpﬂ}IOK BbIITOJTHCHU A paﬁoTM:

1. 3amucarp 3aj1aHKMe U ONpPENENINTh, KAKUM U3 METOJOB MHTETPUPOBAHUS HEOOXOIUMO BOCIIOJIb-
30BaThCS.

2. Ecnu mHTErpans MOXHO HalTH METOJOM HEMOCPEACTBEHHOI'O0 WHTETPUPOBAHUS, TO, HCIIOIb3YS
CBOICTBA MHTErpajoB, IPUBEANUTE UHTETpal K TAOIUYHBIM opMysiaM. [IpounTterpupyiite.

3. Ecnu uHTerpan MoxHO HalTH METOJIOM IOJICTAHOBKH, TO BBEIUTE HOBYIO IEPEMEHHYI0, Hall1u-
Te ee nuddepenuman. Ilocie BBeeHNsI HOBOW NEPEMEHHOMN 3a/1aHHBIN UHTErpall MPUBOANUTCS K
HOBOMY MHTErpaiy, KOTOpbIi sBisieTcs TabauuHbiM. Haiiniure mnomy4eHHslid uHTerpan. B cioy-
yae HEOIPEAEICHHOI0 NHTETpaia BEPHUTECH K CTApON IIEPEMEHHOM.

4. Ecnu uHTerpan Helb3s HAWTH BBINIEYKa3aHHBIMU CIIOCO0aMHM, TO MpUMEHHTE (HOpMyIy HHTe-
I'pUpOBaHUA IO YaCTIM f vagv =Uv — f Vdl. DTOT METOJ 3aKJIF04aeTCsi B TOM, YTO IOJIBIHTE-

TPaIbHOE BBIPAKEHUE TMPENCTABISETCS KAKUM-THOO 00pa3oM B BHJE TPOM3BENEHUS BYX
comaoxuteneir Un dV. 3arem, nocne naxoxaenus dUu V, ucnonp3yiite popMyny HHTETpUpPO-
BaHUS 110 YaCTSIM.

-MaTterpansl BUga [ P(x)edx, [P(x)sinkxdx, [ P(x)coskxdx, rne P(X)- MHOrowIeH, k- uncio.

Y no6uo nmonoxkutell = P(X),a Bce ocTaibHbIe MHOXHUTEIH IPUHATH 3a AV,
-I/IHTeraJIbI BHUIa _]"P{:x}nrcs:'nxdx. _]"P{:x}nrccusxdx. J-P{:x}{nxdx. _]"P{:x}nrctg.rd.r
[ P(x)arcctgxdx.

VY 106H0 1ostokuTh Plxldx = dV, a ocTalbHbIE MHOKHUTEIN puHATH 32 U.
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- VinTerpansl Buna | e sinbxdx, | e cosbxdx, rie an bumcna. 3a UMOXHO IPHHATH QYHKIHIO
U=e™

Xox padorsi: HaiiTun unTerpasbl:

6x*-5x%+3x+4
J——

1) dx

YroObl HAMTH 3TOT MHTErpall, HY>)KHO CHayasla MPUBECTU MOABIHTETPATbHOE BhIpaKEHUE K Tal-
JUYHOMY BHAy. J{JI TOr0 NpUMEHSIEM IIOYJIEHHOE JIEJICHUE:!

J‘ﬁﬁ-Sx +3x+=1-

ﬁ-.nr:'1 x4
-+ —= |dx
L xi
J‘(ﬁx: —-54- +=1-x':)n’
j.r:dx— SJ

n’.r 6 g4y ] 4
— xidx = —Sx 4+ 3njx|+—4+€C=2x" —Bx 4+ 3In|x|——+C
x 3 -1 x

+3
15x2dx
2) f(l-x3)4
9T10T HHTCrpaI MOXHO HalTH C IIOMOIIIBKO METOAa IMOACTAHOBKH. BBCI[GM HOBYIO IICPEMCH-
HYIO.
1-x3=t¢
J‘ 15:2dx |31 —¥) =at 15dt SJ‘ P S B 5 .
L= “d3xtdx=dt |5 | Sz =2 | FrdE=— +C=—5+C= — +
(1-7 dt = -3 3t 3(1— 5%
wldy = — —
3
3) T — 4x)Inx - dx

DTOT MHTErpaa MOKHO HAWTH C TIOMOIIBIO METO/d HHTETPHUPOBAHMUS IO YaCTSIM, OH OTHOCHTCSI
KO BTOPOMY BHUJTY, IOATOMY U = Inx, dV = (x* — 4x)dx.

1 ” "
dlf = —dx, V=i(x?—4x)dr = —— 2x°
x 4

Hcnonb3ys hopMyiy HHTETPUPOBAHHUS 10 YaCTSM, I1OJIydaeM

. 2t . 2 1l
(¥ —da)iny - dxy = Inx| —— 2% | — — — 2y |—dx =
4 4 x
x4 x? x4 x4
— 2y = —_ 7 - R [ I 3
ErLr(q_ __r) J‘(q_ __r)n’.r {nr(q_ _.r] _Lﬁ+.r +C

4) f(x? = 2x)cos4dxdx

DTOT UHTErpai MOKHO HANTH C MOMOIIBI0 METO/Ia HHTETPUPOBAHHUS 110 YACTSAM, OH OTHOCUTCS K
MEPBOMY BUIY, MOITOMY U = x* —2x, dV = cosdxdx.
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1
dlU = (2x — 2)dx, V= J‘ cosdrdx = ?} sindx
. - 1 1 )
(x° — 2x)cosdx dx = (x* — 2.1:} Es:’nﬂl-_r — :}s:‘n%.r{_Ex — E}d.r =

- 1 1 ) 1., 1 )
(«* — 2x) 2 sindx — Ej sindx(2x — 2)dx = 2 (x? — 2x) sindx — ;j sindx(x — 1)dx =

YroObl HAWTH OCTABIIMICS HHTErPaJl, CHOBA MPUMEHsIEM (OPMYITy HHTEIPUPOBAHUS MO YACTSIM.

UD=x—-1, dV = sindxdx.

1
dlU = dx, V= J‘ sindxdx = — Ecusq-x
'J.{_ 2)si 1{.1' _]( 1 J J‘ 1
=3 x° —2x sln=1-x—§{ -1 —Ecusé_r - —‘—l_cusd-.m’.r—
- (2 — 20)sindx — ((x = 1)~ cost) .Lj bed
4_: —2x stnx—z{_x— —4cusx +4 cosdxdx =

1 1 1
= E{x' — 2x)sindx + g{{x — D{cos4x) — A J‘ cosdxdx =

1., 1 . ) 1
— - a i — 1 —j
" (x _x}s ndx + 2 {{_.r l}{_cns*l-x] 3 sindx + C

<I)0pMa MmpeaoCTaBJCHUsA pe3yJjibTaTa: BbIIIOJIHCHHAA pa60Ta

Kpurtepun ounenku:

- «O1nuuHO» - yMeHHus chOpPMHPOBAHBI, BCE 3aJaHUs BBIIOJHEHBI MPaBUILHO, 0€3
apudmeTnyeckux ommbOoK, perieHre opopMICHO aKKypaTHO, ¢ HEOOXOTUMBIMUA 00OCHOBAHUSMH.

- «XopoIo» - HEKOTOpble yMEeHHs C(HOPMUPOBAHBI HEIOCTATOUHO, BCE 3aJaHUS BbI-
MIOJTHEHBI, HEKOTOPBIE BUJIBI 3a/IaHUI BBIITOJIHEHHI ¢ ommoOKkamu. be3ommbouno BemonaeHo 80-89
% Bcex 3aJaHu.

- «Y IOBIIETBOPUTETILHO» - HEOOXOIMMBIE YMEHUS B OCHOBHOM C(OPMHUPOBAHHI,
OOJBITMHCTBO 3aJaHWH BBHITIOJIHEHO, HEKOTOPHIE M3 BBIMTOJTHEHHBIX 3aJaHUN COJEPIKAT OIIUOKH.
Be3ommb6ouno BeimonHeHo 70-79 % Bcex 3agaHu.

- «HeynoBneTBOpUTENBHO» - TEOPETUUECKOE COJIepKaHne Kypca HE OCBOEGHO, HEOOXO-
JTUMBbIE YMEHHSI He CPOPMHUPOBAHBI, BHIMOJHEHHBIC YUCOHBIC 3aJaHUsI COACPIKAT IPyOble OIMMUOKH.
Be3ommb6ouyno BeimonHeHO MeHee 70% BcexX 3aaaHuii.

Tema 4.3. UuTerpajbHoe HcuMcaeHUue (PYHKIMU OHOI 1eliCTBUTEIbHOI NepeMeHHOM|
IpakTnyeckoe 3ansaTue Ne 13

Brruucienue OINpeaACJCHHBIX HHTEIPAJI0B

Heab padorsi: HayunThcs HaXOOUTH OMpeieNieHHbIE HHTETPAJIbL, UCIIONb3YsI pa3InyHbIe Me-
TOJBI HHTETPUPOBAHMUSL.

Boinosinus padorty, Bel Oynere:
ymembp:
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- BBIYUCIIATH OINPEACTICHHBIC HHTCTPAJIBI pa3JIMYHBIMU METOJJAMMU;

MarepunanbHoe obecrieyeHue:

NunuBuayanpHbIe 3a0aHMs], TAOINIA HHTETPAIOB, KOHCIICKTHI JISKIIUN, YYeOHHUKH.
3ananme:

Breraucnure OIIPECACIICHHBIC MHTCI'PAJIbI:
1. _,r_:{:ﬂl-xi + 32 4 2x + 1)dx

gD
1. fl (WH_\E dx
2. [P

4 dx
3' j_ nAf i

5. Jr—
E B

HOpﬂIlOK BbIIIOJTHCHU A pa60T1)1:

1. 3amwmcarp 3aaHueC U OIPCACIINTDb, KAKMM U3 MCTOAOB MHTCTPHUPOBAHUSA HGO6XOIII/IMO BOCIIOJIb-

30BaThCA.

2. Ecmu HHTErpal MOXHO HauTH MCTOAOM HEIMOCPECACTBECHHOI'O MHTCTPUPOBAHUSA, TO, UCITIOJIB3Y

CBOICTBa MHTETpPAjOB, MPHUBECTH HHTErpan K Tabmu4yHbIM (opmynaMm. [IpouHTEerpupoBars.
Brruncnauts 3HaUeHue onpeieIeHHOTo nHTerpana no gopmyne Herorona-JleiiOnuia.

3. Ecnu uHTEerpan MOKHO HalTH METOJOM MOJCTAHOBKH, TO BBECTH HOBYIO TIEpEMEHHYIO, HANUTH

ee nupdepennuan. [lociae BBeaeHNss HOBOW NepeMEeHHOMN 3aJlaHHbBII MHTErpasl MPUBOJUTCS K HOBO-
My HHTErpaiy, KOTOpbIi sBisieTca TaOnuuHbIM. Eciu MHTErpan ompeaeneHHbIH, TO HeoOX0IUMO
BBIUUCIIUTH HOBBIE Tpeiesibl MHTErpupoBaHus. HaliTu moiaydeHHblil HHTErpal.

Xoa padoThi:
1) f_31(4 x3 —3x% + 2x + 5)dx

_]-_'11{:‘1-.7:3 —3x +2x +5)dx = ‘l-f_llfdx—3fjlx2dx+2f:lxd.r+ Sfjl dx=x"—x"+x* + 5.r|3_1 =
2) -3 +3+5-3-(1+1+1-5)=81-27+9+15+2=80

J-i-' 4 hdx

T s4254°

OTOT HUHTErpal MOKHO HalTH ¢ HOMOIILIO METO/1a IIOJCTAaHOBKU. BBeneM HOBYIO IICPEMCHHY1O.

- 5 -
:.r:t
5
-dx = dt
J-:-l- Sdx _EJ-:-I dx __ij:4 dx _ 2 _
LS | R S 50 1+{_1}£ dx = -dt
L] ] o
g =0 tg =0
LXg = 0.4 tE = 11
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OTOT HHTCTPpaJI MOXHO HAalTH C TOMOIIBIO METOJa MOACTaHOBKH. BBCI[CM HOBYIO IICPEMCHHYIO.

r cosx = ¢ 7
T deosx = dt -
sinxdx —sinxdx = dt —dt &t . . 1 1
— = sinxdx = —dt = 3 =__;.|I:_;.:|I:_;. . —;:2—0.5:1.5
. cos'x xg =0ty =cos0 =1 J t -2 i 025 2
T T 1
-xE_E tE—cusa—z_

®opma npeacTaBaeHus pe3yJabTaTa: BHIIOIHEHHAs padoTa

Kputepuu onenkmu:

- «OTnu4HO» - yMeHUs COPMHUPOBAHBI, BCE 3aJaHUS BBIOJHCHBI MMPABUIBHO, 0€3
apudmeTnyeckux omuOOK, perieHre oPopMIEHO aKKypaTHO, C HEOOXOIUMBIMU 0OOCHOBAHHSIMH.

- «XopoIIo» - HEKOTOpble yMeHHsI c(HOPMUPOBAHBI HEIOCTATOUHO, BCE 3aJaHUS BbI-
MIOJTHEHBI, HEKOTOPBIE BUJIBI 33/IaHUI BBIITOJHEHHI ¢ ommOKamu. be3ommbouno BemonaeHo 80-89
% BceX 3allaHUH.

- «Y IOBJIIETBOPUTEILHO» - HEOOXOIHMMBIE YMEHUSI B OCHOBHOM C(OPMHUPOBAHBI,
OOJIBIIMHCTBO 3aJIaHUH BBIIOJIHCHO, HEKOTOPHIC M3 BBIMOJHEHHBIX 3aJaHHUN COJEPIKAT OIIHUOKH.
Beszommbouno BeimonaeHo 70-79 % Bcex 3amaHuil.

- «HeynoBneTBOPUTENBHO» - TEOPETUUECKOE COJIEp:KaHne Kypca HE OCBOEHO, HE00XO-
IUMble YMEHHS HE C(POPMUPOBAHBI, BBHITIOIHEHHbIE YUeOHBIEC 3a/IaHUs CO/EPKAT TPyOble OIMIHUOKH.
be3zomm6ouno BemoHeHO MeHee 70% Bcex 3aIaHui.

Tema 4.4. InpdepeHniuaibHOe 1 HHTETPaIbHOE HCUHCIeHUE (PYHKIIMH HECKOJIBKHUX /1eiiCTBH-
TeJAbHBIX NePEeMEHHbIX
IIpakTuyeckoe 3anaTue Ne 14

Boryuciienne 4aCTHBIX MPOU3BOAHBIX U AH(PPepeHunanoB GpyHKIuii
HECKOJIbKHX IepeMEeHHbIX.
Ilesan padoThi: GopMHpPOBAHNE YMEHHMI BBIUUCIIATH YaCTHBIE TPOM3BOIHBIE U MU depeHna-
761 PYHKIIUNA HECKOJIBKHUX MTEPEMEHHBIX.

Boinosinus padorty, Bel Oynere:

ymembp:

- BBIUMCIIATH YAaCTHBIE IPOU3BOHbBIE (DYHKIMI HECKOIBKUX MEPEMEHHBIX;

- BBIUMCIIATH AuddepeHnmansl GyHKINI HECKOIBKUX MEPEMEHHBIX.
MarepuaabHoe o0ecrieyeHme:

NnauBuayanbHble 3aaHKs, TaOIMIa HHTETPaIOB, KOHCIIEKTHI JIEKIIUH, YUeOHUKH.
3aganue:

1. Haiit yacTHbBIC IPOU3BOHBIC PyHKIMN: a)z = e* Y + (2x — 1); 0)z = xe¥ + x7;

B)z = In(vx + /).
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2. HaiiTu yacTHbBIE MPOU3BOIHBIE BTOPOIO MOPAIKa (YHKIUU JABYX MEPEMEHHBIX

z = sin (x + \/;).
3. Haiitu nuddepennman GyHkuuu aByx nepeMennbixz = In(1 + e* + y?).
KpaTtkne Teopernyeckne cBeIeHHs:

[Iycts MMeeTcss N NEPEMEHHBIX BEIUYMH, M KaXKIOMY HAOOPy MX 3HAYEHHH (X, X,, ..., X,) H3

HEKOTOPOr0 MHOecTBa X COOTBETCTBYET OJHO BIIOJIHE ONpPEICICHHOE 3HAUCHUE MepEeMEHHON Be-
JuuuHbI Z. TOora roBOPAT, YTO 3a/1aHa YHKYUSL HECKONbKUX NePEMEHHbIX Z = T (X, Xy, ..., X, ) .

HepeMeHHHG X1, X5, ..., X, HA3BIBAKOTCS HE3ABUCUMBbIMU NEPEMEHHbIMU WU apeyMeHmamu, 7 —

3a8ucumotl nepemenHol, a cuMBoJ f o3Havaet zaxkon coomsemcemeusi. MHOXecTBO X Ha3bIBacTCS
obacmvio onpeoenenus OYHKYuu.

Yacmuoit npouzéo0noi ¢pynkyuuz = f(x, y) Mo x Ha3sIBAIOT MPOM3BOAHYI0 QyHKIMH z = f(X, y)
10 x pu (PUKCUPOBAHHOM IIEPEMEHHOM ¥ M 0003Ha4aroT f,(x, y).

Yacmuas npoussoonas pynkyuuz = f(x, y) mo y npu GUKCHPOBAHHON MEPEMEHHOM X 0003Ha-

’
qaercst f(x, y).
of of

J1J1s 9aCTHBIX MTPOU3BOIHBIX UCTOIB3YIOT TaKKe 0003HAYCHHUS] — U — .

OX oy

Yacmuvie npoussooHvle 6mMOpo20  NOpAOKA  ONPENENSIIOTCS  CIENYIOMIMM  00pa3oM:

62_1‘:”:2(@) o _ofot) 2, ofef
ax? " ax\ax) oy Y oyley) axey Y axlay )

Juppepenyuanom Gyuxuum z = f(x, y) Ha3blBa€TCS CyMMa MPOM3BEIEHHUIN YaCTHBIX MPOM3-
BOJHBIX OTOM (YHKUMH Ha TIPHUPAIUCHUS HE3ABUCHMBIX IEPEMEHHBIX 0z = ZJAX+ZyAy WK

oz 0z
dz =z, dx+z,dy man dz=—dx+—dy.
X y Yy ox ay Yy

ITopsinok BbIMOJHEHHS PA0OTHI:

1. Ilpoananu3upoBaTh YCIOBHUE 3aJaUH.
2. BBIMOMHUTE penieHune, MpUMEHss HE0OOX0IMMbIe (hOPMYJIBI.
3. 3anucaTh OTBET.

Xon padorsr:

Bamanunel. HaiiTu uyacTHBIE NpousBOAHBIE (yHKIMH: a) z=x’y°+5x°-3y+1; 6) z= x%eY’ ; B)

z:xmy+1.
X

Pemenue. a) [lpu nuddepeHiupoBaHuy 1Mo X CYUTAEM MOCTOSHHON BeTMUUHON y. Takum oOpazom,

' 07 2.,5 v o
Z, = & =3X y +10x . HpI/I I[H(b(bepeHquOBaHI/H/I o y CHUTacM IMOCTOAHHOU BCIIMYMHOU X, CIICAOBA-

oz 3,4
TeIbHO, Z, =— =5X"y" -3,
Yoy

0) Ilpu nmuddepeHTUPOBaHUM TIO X CUMTAEM TIOCTOSHHOW BenWuuHOW . Takum o0pazom,

oz 2 o o
z, =a—= 2xe’ . Tlpu nuddepeHIrpOBaHUH 110 } CYMTAEM MOCTOSHHOM BEINYHMHOMN X, CIIEI0BaTEb-
X

!

oz 2_y? 2 2
HO, 2, =—=x%’ -2y =2xye’ .
Yooy
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B) Ilpu nmuddepennupoBannr MO X CUATAEM TIOCTOSHHOW BenWYuHOM y. Takum oOpazowm,
!

oz 1 o o
zy=—=Iny+ y[—} =lny- y [Tpu muddepenHmpoBaHny MO y CUUTAEM MOCTOSHHOW BEIMYNHOU X,
X

X X2
CIIE/I0BATENBHO,
Z! —g—x(lny)’+E y=X.1
Ty X y x

3amanue2. HaliTM YacTHBIE NPOM3BOJHBIE BTOPOTO MOPAAKA (YHKIMHM JBYyX TEPEMEHHBIX
z=In(l+x+2y).

1 2
Pemienue. YacTHple mpOM3BOAHBIE MEPBOTO MOPAJIKA MMEKOT BUI: Zy=———, z’y =)
1+x+2y 1+x+2y
Cunrasi X HOBBIMHU q)yHKuH;{MH JIBYX MEPEMEHHBIX, HAMAEM UX YacTHble nTpou3BoaHbie. [lomyya-
1 2 4
eM: Zyy=——— , Iy =—————, Iy, =—

(1+x+2y)2 nY (1+x+2y)2 nY (1+x+2y)2 .
3ananue3. Haiitn muddepenruan GyHKINN AByX EPEMEHHBIX Z = X7y — y°X
Pewenne. YacTHble IPOM3BOIHBIE MEPBOTO MOPSAKA UMEIOT BUI: Z=2xy—Yy® u Zzj =x*-3y’x.

CrnenoBarenbHO, dz = (2xy - ys)dx + (x2 —3y2x)dy :

3ananmue:

1. BpaucauTh 1BOMHON HHTETpA:

H(lezyz +16y3x3)dxdy

a) b ,reD:x = 1;y = x%;y = —/x;
”(36x2y2 —96y3x3)dxdy

6) P ,raeD:x = 1;y = —x3;y = Vx,.

KpaTKue TECOPETHYECCKUE CBCACHUSA:

JIBoiHBIM MHTETrpasioM oT pyHKIMH z = f(x; y) mo obxactu D HazpIBaeTcs KOHEUHBIH Mpenen (ec-
JIM OH CYIIECTBYET) HHTETPATBHBIX CYyMM Y14 f (x;; ¥;)AS; npumaxd; — 0, mpuyueM 5TOT mpeen
HE 3aBHCUT HH OT crioco0a pa30reHus 001acTH Ha 3JIEMEHTapHbIe YaCTH, HU OT BBIOOPA TOYEKB
Hux. Tak, BOMHON HHTErpall ONpeneseTcs paBeHCTBOM

n
[ resraxay = Jim Y fexvons,
maxd;—0 j=1

B stom cnyuae ¢ynkius f(x; y) Ha3bIBaeTca uHTErpupyemoit B oonactu D, D- o6nacts unrerpu-
pPOBaHUS; X U Y — NIEpEMEHHbIE MHTETPUPOBaHUs; dXdy — 3JIEMEHT IUIOLIA/IH.

JIBoitHOM MHTErpan 001agaeT CIeayIOUMMHA CBOWCTBAMH.
j j do =5(G)
1. © , re S(G) — mmomanp obmactu G.

2. TlocTOSIHHBIN MHOXHUTEIIb MOKHO BBIHOCHTH 32 3HAK JBOWHOTO MHTETpaja:

” Af (x,y)do = A.U f(x,y)do
) ©) _
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3. JIBOITHOM MHTETpal aJIUTUBEH OTHOCUTEILHO TIOJIBIHTETPATbHON (QYHKIIUN:

”(f1+ fz)da=_U fldo+” f,do
©) ©) ©) .

4. JIBOWHOM MHTErpal aJJINTUBCH OTHOCUTEIIBHO 00JIACTH MHTETPUPOBAHUS: €CITU

H fdo = H fdo + “' fdo
) G G

UGZ , HpI/Iqu GlﬁGZ :®

JIBOWHOI MHTErpall UMEET IPOCTON Fr€OMETPUUECKUIM CMBICII: BEJIMYMHA JBOWHOTO MHTErpajia oT
HEOTpULIATENIbHON (DYHKIIMU paBHA 00bEMY LIMIIMHAPUIECKOTO TEa.

Brrunciienue 7BOMHOr0 HHTErpasia

HYCTB obnacte D onpeacIACTCA HCPABCHCTBAMMU

{ a<x<b
olx)<y<vp(x) U TIPU ATOM, BCSIKad mpsimasi, mapaienbHas ocu Oy nepecekaer rpaHully 00JacTu
D ue 601ee yem B 1ByX Toukax (puc. 1), Torna BeIYMCICHHE JBOMHOIO HHTErpaia oT (yHKIUN
f(x,y) B 00sactu D cBOAMTCS K BBIYMCIICHUIO, TAK Ha3bIBAEMOT'0, TIOBTOPHOTO MHTETpaja 1o (op-
MyJIe:

b w(x)
”f(x,y)dxdy:J.dx If(x, y)dy
D a  ox) (1)

B dopmyne (1) cHayana BBIYUCIAETCS BHYT-
PEHHHUI MHTETpaa N0 NEPEMEHHOU Y, CUuTas

Ipy  3TOM X BEIUYMHOW  IOCTOSTHHOM
y(x)

f(x,y)dy. 3areM BBIYMCIAETCH BHEIIHUM
o(x)
HHTETpaJI 110 EPEMEHHON X.

Ecmn o0macth WHTETPUPOBAHHUS eCcTh
c<y<d
D: { y
g(y)<x<f(y)

U TIPU OTOM, BCSIKas MpsMasi, mapayiesibHas ocu Ox
nepecekaer rpanuiy obmactu D He Oonee uem B
JIBYX Toukax (puc. 2), Toraa IBOWHOW HMHTErpant
BBIUHCIISIETCSI 4epe3 TOBTOPHBIA HMHTErpai Io

dopmyse:

H f(x,y)dxdy = j.dyf.(rz‘ (x, y)dx (2)
D ¢ gy

3ameuanue 1. Eciu 001acTe MHTErpupoBaHUs 00JIee CIIOKHAs, YeM B ONMMCAHHBIX BBIIIE CIyYasX,
TO €€ MO’KHO pa30MTh Ha HECKOJIbKO HENEPECEKAIOIINXCsl YacTel, yA0BIETBOPSIOLINX YKa3aHHBIM
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YCIIOBUSIM, IIPU MOMOIIH NMPSMBIX HapauieIbHbIX KOOPAUHATHBIM OCSIM. 3aTeM MPUMEHUTH CBOM-
CTBO a/IJIUTUBHOCTH.

Hanpumep, o6iacts, n300pakeHHYI0 Ha puc.3, MOKHO pa3OuTh
Ha Tpu obnactu. Toraa

: j j foxdy = H foxdly + H foxdly + H foxdy
D, D Dy

D 2

Puc. 3

3ameuanue 2. [Ipenenbl HHTErpupoBaHUs BHEIIHETO HHTETrpajia B IOBTOPHOM MHTETpaJie BCeraa
noctostHHBL. [Ipenensl HHTErpupoBaHys BHYTPEHHETO MHTErpaa, B 001eM ciaydae, OyayT QyHKIM-
SIMM TOW IIEPEMEHHOM, 10 KOTOPOW BBIYUCIISIETCS] BHEIIHUN UHTErpall.

Ilopsinok BbINOJIHEHHUS PadOTHI:

1. Ilpoananu3upoBaTh YCIOBUE 33JaUH.
2. BBITIOHUTE pelieHue, TPUMEHSISI HE0OX0UMBbIC (POPMYIIBL.
3. 3anucaTth OTBET.

Xoa padoTbl:

3asanue. Beruncnute JBOMHON MHTErpas

” (x—2yx)dxdy ,
) . TIIe Dix+y=2, y=xX _
Pemenne. O6macTs HHTErpHpoBanus D orpaHnyena npsamoit y+ X = 2 1 mapabomnoii y = X2, mpoxo-
JSITIEN Yepe3 Hauajao KOOpAuHAT, ¢ ockio cumMmetpun Oy (puc. 4). Onpenenum TOYKH MepecedeHus
rpadukoB QyHKIMiA. {715 TOTO pemnuM CUCTEMY:
{x +y=2
2 =
y=x

X2 +x-2=0
D=1-4-(-2)=9

"o 1 X 2

(S}

Puc. 4

Nwmeem nBe Touku nepeceuenusi: A(—2, 4), B(1, 1). JIro6as npsmas, npoxojsiias dyepe3 BHyTpEHHUE
TOukM oTpeska [—2;1] mapamnensHo ocu Oy nepecekaer rpanuily oosnactu D B 1ByX Toukax: B TOY-

non

Ke Bxoga "°", B KOTopoil y = X° U B TOUKe BIX0za "x", B KoTopoit y = 2—x. Takum o6pazom, 06-
-2<x<1
X2 <y<2-x
JacTh UHTErpUpoBaHus D MOKHO 3a1aTh HEpaBEHCTBAMM: . Torna mo gpopmye (1)

[IOJIyYaeM:
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2—X

”(X—Zyx)dxdy = jdx I(x—Zyx)dy

D -2 x?

CHayaza BEIYHCIISIEM BHYTpeHHI/Ifl HUHTErpal o y, CHuTasa X ITOCTOSTHHOM BEITUYHHOM

2—-X 2—X

I(X—ZyX)dy= X j(l—Zy)dy —xly- yz]

X2

2-x
| p :x(2—x—(2—x)2—x2+x4):
X

= x(—2+3x—2x2 +x4):—2x+3x2 —2x3 +x°.

Ilanee BBIYMCIISIEM BHEIITHHI HHTCTPaI

1 4 6\
I(—2x+3x2—2x3+x5)dx: e X 1,28 g
% 2 6 >, 3

”(x —2yx)dxdy =9

OtBeT: D

®opma npeacTaBJieHus pe3yJbTAaTa: BRIIIOJIHEHHAs paboTa.

Kputepuu onenkmu:

- «OTIu4HO» - yMeHUs COPMHUPOBAHBI, BCE 3aJaHUS BBIOJHEHBI MMPaBUIBHO, 0€3
apudmeTnyeckux ommbOoK, perieHre opopMICHO aKKypaTHO, ¢ HEOOXOTUMBIMUA 00OCHOBAHUSIMH.

- «XopoIo» - HEKOTOpble yMEeHHsI C(HOPMUPOBAHBI HEOCTATOUHO, BCE 3aJaHUS BbI-
MIOJTHEHBI, HEKOTOPBIE BUJIBI 33/IaHUI BBIITOJIHEHHI ¢ ommOKkamu. be3ommbouno BeimonaeHo 80-89
% Bcex 3aJaHuH.

- «Y IOBIETBOPUTETILHO» - HEOOXOJMMBIE YMEHUSI B OCHOBHOM C(OPMHUPOBAHBI,
OOJBIIMHCTBO 3a/laHUi BBIIOJIHEHO, HEKOTOPHIE M3 BBIMOJHEHHBIX 3aJaHUN COJEP)KaT OLIUOKH.
bezommbouno BeimonHeHo 70-79 % Bcex 3amaHuii.

- «HeynoBIeTBOPUTEIIBHO» - TEOPETHUECKOE COJIEpIKaHne Kypca HE OCBOSHO, HEOOXO-
JIUMble YMEHHSI HE C(POPMUPOBAHBI, BBHITIOIHEHHbIE YUeOHBIC 3a/IaHUs CO/IEPKAT TPyOble OIMIHUOKH.
be3zomm6ouno BemoHeHO MeHee 70% Bcex 3aIaHui.

Tema 4.5. Teopus psinos
IIpakTnueckoe 3ansaTue Ne 15

Pasiio:kenue asiemeHTapHbIx GyHkuuii B psig Teitsiopa
Heab: popmupoBanne ymeHU packiaabiBaTh dJieMeHTapHble pyHKunu B psia Teitnopa.
Borinosinus padorty, Bul Oynere:
ymemo:
packiaibpIBaTh dJeMeHTapHble GyHKIMU B psia Teitnopa.

MarepuasibHoe o0ecneyeHHe: NHIMBUIYTbHBIC 3aJaHUsI, KOHCIIEKTHI JICKIIH.

3aganue:
Paznoxuts cneaytomue GyHkuun B psa Teinopa npu 3a1aHHOM Ha4ajJbHOM 3HAYEHUH apryMeHTa

X0-
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a)e*, a=-2;6) 3, a=-1;8) In(3+2x), a=1.

KpaTKHe TCOPETHYCCKUEC CBCACHUSA .

Ecmu dynknus f(Xx) B HEKOTOPOM MHTEPBAJIe PacKiIallbIBACTCS B CTEIICHHOH psJ MO CTere-
HSIM X — 4, TO 3TO pasnoxxeHue €IMHCTBEHHO U 3aJ1aeTcs bopmynoi:

I " g ':”:'
f(x):f(a)+% x—a}+f2|a:l (x—a)hf;l“:' (x—aj.3+...+f—|(“‘3'r;x—a)“+...
! ! ! Ml

Psnpr Teitnopa HEKOTOPBIX JEMEHTapHBIX (QyHKIUI. MIME0T MecTo ClieAyIouine pasioxe-

HUA:
. 2 3 1
. r ozt 2 x
e —1+E+E+E+"'+E+.... x & [~om; o)
3 A 2n—1
i o 2 1 (-1t .
.‘:11‘13.—.1—5+E—'--+L—11 lgf!——l}'—i_ xe(—m,wj
12 3.4 2n
SR - [ )
{.I.J":.'].—]. T—F? +k 1] kgn}' + ..., xe[:—m,m:]
3 il 2n—1
a a a
:11‘{'.t£]:].‘=1‘——+——---+"—ll'n_l + ..., -1:1
L 7 5 | | S xel: ]
.2 3 .1
] . a a ; . x
]n']_+_1~':1‘__+__...+'_]_'n_1_+___. 1
{ ) 5 3 (—1) - rel-1;1]

Ot GopMysbl UCHONB3YIOTCS A NPUOIMKEHHOTO BBIYMCICHUS 3HAYEHUH YKa3aHHBIX
byHKIUH.

ITopsinok BbINOJHEHHS PadOTHI:

1) Haiitu npousBoansie Gpynkiuu f(X) B Touke x =a: f (”)(a), vneN.
()
2) Cocrasuts pan Teitnopa Z—(a)(x ~a)".

Xox padoThl.

Fix)=x" 442 —3x4+2 (x—1)

3ananmue 1. Paznoxuts QyHKIHIO B psn Teiiopa mo creneHsm

B nannoM ciyae & = 1

Flay=f)=1+4-3+2=4

AR = At -3+ =32 4823
Jla)=F"h=3+8-3=38
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FUx) = (3 +8x—3) =62 +38
FHa)=f"h=6+8=14
JT(x)=(6x+8) =6 =const
Fa)=7"=6

4] =
Sy =6y =0 , BCE IIPOU3BOJHBIE, HAUUHAS C YETBEPTOM IPOU3BOAHOM, OYyT HYJIEBBIMH.

Teneps mojcraBisieM HaICHHBIC 3HaUeHUs B opMyiny Teiopa:

_fg)=x3+$ﬁ—3x+2=4+%(x—u+¥;(x—nﬂ+%{x—u3+0+0+0+m=

=44+ x-D+7x-D+(x-1°
3aganmue 2. Paznoxuts QpyHKINIO
B oannom cnyvae: a =3
Flx)=73 =7
Sz =1+ 2x))" =

1+ 2x
Flix)=7"3)=

e (2 7 281
“f(xj"(1+2x] T tza

2 a
P i) = F"3) = - [3]

Yl oV

-

f

y=hi{l+2x) B psan Teisiopa o CTeneHsIm g

wen |21 ) _ 2212 2.2
/ &)_[ ﬂ+2xf}__ )

fz

Sz ) =703 =

( :I:u+1 2:! (P‘E-l:ll
1+ 2x)"

7)== U2 D)

S =

Taxum
2 _2
_ 7o 72
IMHQﬂ_MT+?& 3+ m(x gy
'f | 2

-3+
A

2
=T+ S(x-3)-
?(x )

®opMma npeacTaBJieHUs pe3yJbTaTa: BRIIIOJIHEHHAs paboTa.

(1+2x°  (1+2x)°

(=17 2% (= 1)

(x=37 +. +

(x=37% -+

obpasom:

(x-3"+.. =



Kputepuu onenkmu:

- «OTnu4HO» - yMeHUs COPMUPOBAHBI, BCE 3aJaHUS BBINOJHEHBI MMPABUIBHO, 03
apumeTnyeckux ommbOoK, pernieHne oPopMIICHO aKKypaTHO, ¢ HEOOXOUMBIMU 000CHOBAHHUSIMH.

- «XopoIo» - HEKOTOphle yMEeHHS C(HhOPMHUPOBAHBI HEIOCTATOYHO, BCE 3aJaHUS BbI-
MIOJTHEHBI, HEKOTOPBIC BUJIbI 3a/IaHUI BBIITOJIHEHBI ¢ ommoOKamu. be3ommbouno BeimonaeHo 80-89
% Bcex 3aJlaHui.

- «Y IOBJICTBOPUTEIILHO» - HEOOXOIMMBIC YMEHUS B OCHOBHOM C(OPMHUPOBAHHI,
OOJIBIIMHCTBO 3aJ]aHUH BBITIOJHEHO, HEKOTOPHIC W3 BBIMOJIHEHHBIX 33aJ]aHUN COACPIKAT ONIMOKH.
bezommbouno BemoaHeHO 70-79 % BCcex 3amaHuil.

- «HeynoBneTBOPUTENBHO» - TEOPETHUECKOE COJIEpIKaHNe Kypca HE OCBOGHO, HEOOXO-
JMMBIC YMEHHS HEe C()OPMHUPOBAHBI, BBHITIOJHCHHBIC yUeOHBIC 3aJIlaHMs COACPIKAT TPyObIe ONTHOKH.
bezommbo4HO BEIMOTHEHO MeHee 70% Bcex 3amaHuil.

Tema 4.6. O0bikHOBeHHBbIe TH( (PepeHnaTbHbIe YPABHEHUS
IIpakTuyeckoe 3ansaTue Ne 16

Pemenue nud¢gepeHunaIbHBIX YPABHEHHUI NIEPBOI0 NMOPSAKA.

Hean: Hayuntses pemats nuddepeHanbabple ypaBHEHUS IIEPBOT0 MOPsIIKa

Brinosinus padorty, Bel Oynere:

ymembs:

- onpeAesATh Buj TudepeHINaTIbHOr0 YpaBHEHNUS;

- HaxouTh ob1iee peuleHue nuddepeHuaibHOro ypaBHEHHs IEPBOTO MOPSIIKa;

- HaXOJIUTh YacTHOE pelleHne aupdepeHnalbHOr0 YpaBHEHUs, YA0BIETBOPSIOIIee HEKOTO-
PBIM Ha4aJIbHBIM yCJIOBUAM (pemath 3aaauy Komm).

MaTtepuaiabHoe o0ecniedeHue: HHINBUIYATbHBIE 3a/1aHUS, KOHCTIEKTHI JICKITH.
3aganue:
1. Haiitu obmee pemenue auddepeHnnanbHOro ypaBHeHHS

a) Q — 3dx
Vx o Wy
6) (y — D2dx+ (1 —x3)dy =0

2. Haiitu yactHOe penrenue mudGepeHnaTbHOTO YPaBHEHUS

a) Y2 +x?y'=xy-y npuy(l) =1
b) y'sinx—ycosx=1 npux=g,y=l

ITopsinok BbINOJIHEHHs padOTHI:

1. Onpenenure Bua quddepeHnaIbHOr0 ypaBHEHUS.
2. Ecnm ypaBHEHHE SBIISCTCS YPABHEHHUEM C pA30els0UWUMUCT NEPEeMEHHbIMU, TO
1) TlpuBenuTte naHHOE YpaBHEHHE K YPAaBHEHHUIO C Pa3JICICHHBIMU IIEPEMEHHBIMH, T. €. IIPO-
M3BEINTE Pa3JIeNICHHE TIEPEMEHHBIX, JJIS 3TOTO:
-IIpousBoanbie QyHKIMM 3aMeHUTE e€ TuddepeHIanamu;
-CrpynnupyiTe 4wieHbl ¢ OJUHAKOBBIME JuddepeHrataMu 1 3anumTe UX B Pa3HbIX Ya-
CTSIX paBEHCTBA, BbIHECS AU depeHInalbl 3a CKOOKH;

55



- TlogenuTe MM yMHOXXBTE 00€ YacTH paBEHCTBA HA TaKHE BBIPAKEHUS, YTOOBI Bce (DyHK-
UM CTOSUIM TIpH ,,cBoMX” nuddepennmanax, T. €. upusectd K Buay: @(y)dy = @(x)dx

2) Ipounrerpupyiite 00¢ 4YacTH paBEHCTBA M HAWIUTE 00IICe PEIICHHE.

3) Jlnst BbIIEIEGHUS YaCTHOTO PEIICHHUsS U3 O0INEro 3aaaeTcs Touka (Xo: Vo), Yepe3 KOTOpYyIo
JIOJDKHA TIPOXOJUTh UHTErpajibHas KpuBas. Haxomum 3nadenue mocrosHHod C ,a 3arem C mon-
CTaBJIsieM B 00IIee PEIICHHUE U 3aIIChIBAEM YaCTHOE PEIICHUE.

3. Jlns perieHust 00HopooHo20 Jughghepenyuanvrozo ypasnenusl mopsaka JaHHOE ypaBHEHUE TTy-

TEM BBEJICHMS HOBOW IIEPEMEHHOM HY>KHO IIPUBECTU K YPABHEHHUIO C Pa3JCIIOIIMMUCS IIepe-
dy

dz
MEHHBIMU. 3AMEHUM Y = Z * X, it + z, rie Z-HoBasi Heu3BeCTHAs (PYHKLUSA OT X.

HOJ'Iy‘II/IJ'IOCL YpaBHCHHE C pasaCIromuMA IICPEMCHHBIMHA OTHOCHUTCIIBHO Z. Pemus €ro, Hago Z

3aMCHHUTH Ha 4 W BBIPA3UTH ).
X

4. Jlunetinoe nuddepennmansaoe ypapHenue | mopsiaka pemaercs myTeM MoACTaHOBKH

dy _ dd du
_udx+8dx

y=ud; dx

JuddepeHnnansHoe ypaBHEHHE CBOIUTCS K PEIICHUIO ABYX AU PepeHITnaIbHBIX YPaBHEHUH, C
pa3IeIIOIUMU IEPEMEHHBIME, CHAa4Yalla OTHOCHTEIBHO U , TOTOM-U, TJe U U 9 HEU3BECTHHIC
GbyHKIUY OT X.

Xoa padoTsl

1) Haiitu obmiee pemienne auddepeHnaibHOT0 ypaBHCHHUS
(6xdx + 3xy?dx) — (6ydy + 2x%ydy) =0
CrpynnupyeMm 4ieHs ¢ dX u dy
3x(2 + y¥)dx — 2y(3 + x¥)dy =0
-Paznenum nepeMeHHbIC
3xdx 2ydy

3+x2 2+y?

d d
3fxx =2fyy
3+x2 2+y?

-PemiaeM Mo oTAENbHOCTH KaXKIbIH HUHTCrpaj METOAOM MMOJACTAHOBKHU

-NHTerpupyem

3
Eln(3 +x?) =In2+y?) +1Inc

3
In3+x2)2=InR+y?%)-c
-IToreHnMpyeM 3TO ypaBHEHUE

JGB+x2)3=0Q2+y?)-c

B+x)V3+x2
2+y2 -

-3anuceiBaeM o0IIee peleHue:

2. Haiitn yacTHOE perieHne ogHopoaHoTo AuddepeHnaaILHoro ypaBHeHue | mopsiaka

2x+
"= —xy, eciu y=0 mpux=1

2
dy. dy 2x+y
-3amenuM y'Ha —, — = —=
y dx’ dx 2x
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dy dz

-IIponsBenem NOACTaHOBKY Y = ZX; L oXxtz
d 2x+ d 2+
Xtz =" x4 g = XD
dx 2x dx 2x
dz 2+z
X—= -z
dx 2
dz 2-—z
X — =
dx 2

2 dx
-Paznenum nepemeHHbIe P dz = —
—Z
dz dx
-IIpounTerpupyem Bhipaskenue: 2 [ il R
-Pemaem nannoe ypasuenne —21n|2 — z| = In|x| + Inc

11’1(2_—2)2 = ln(xc)
1
-IIponoreHupyem BeIpakxeHue 7~ xc
- (2—7)2 =21
Bripaszum z: (2 — z) o
) 1
—_—7 = —
Vxc
5 1
zZ=2—-——
Vxc
2x\xc—x

-3aMeHuM z = % U BBIpa3uM Yy = oO11ee perieHue

VvXxc
-IToncraBum HauyanbHbie yenoBus Y=0 , x=1

_2eet s g = _ _1._1
0= ﬁ,zx/E 1_0,2\/E_1,\/E_2,c_4

-[loncraBum CB ob1ee perieHne y = 2(x — 4/ X) 4aCTHOE pelIeHHe.

3. Haiiti yacTHOE pereHne TMHEHHOTO MU depeHIaIbHOro ypaBHeHus | mopsiaka
xy' +y = 3, ecnu y=0, npu x=1

-IIpuBenem ypaBHEHHE K BUY 110 ONPEIEICHUIO

Vi y
+===
YTy
-Cnenaem 3aMeHy
. dy ayd du
y = ud, i u Ix +9 o
-Crpynnupyem 4ieHsl ¢, IoJIydyuM
du u _Jdu __ u
9(T+5) =0t 9= 0=>T =%
-Pazgenum nepeMeHHbIe
du  dx
u ox
-IIpounTterpupyem
du dx
u x
In|u| = —In|x|
-ITponotenuupyem
1
u=-
x

-IloxcraBum U B ocTaBIIeecs ypaBHEHUE
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1d9 3
xdx x
dd = 3dx
-ITpounTerpupyem
Y9=3x+c

-IloncraBum y = ud

1
y=3 (3x + ¢)- obuiee pemicHue
-ITocTaBUM HaYaIbHbIE YCIOBHS
0=3+c=>c=-3

3
y = = (x — 1)- yactHoe peienue

®opma npeacTraBiaeHus pe3yJabTaTa: BHIIOJIHEHHAs padoTa.

Kpurepun oneHku:

- «OTnu4HO» - yMeHUusi cOPMUPOBAHBI, BCE 3aJaHUS BBINOJHEHBI MPaBUIbHO, 0€3
apudmeTnuecKkux ommOOK, penieHne oPopMIICHO aKKypaTHO, ¢ HEOOXOTUMBIMUA 000CHOBAHUSIMH.

- «XopoIo» - HEKOTOphle yMEeHHs C(HOPMHUPOBAHBI HEIOCTATOYHO, BCE 3aJaHHS BbI-
MIOJTHEHBI, HEKOTOPBIE BUJIBI 33/IaHUI BBIITOJHEHBI ¢ ommOKamu. besommbouno BemonaeHo 80-89
% BceX 3allaHUH.

- «Y IOBJIETBOPUTEIILHO» - HEOOXOJMMBIE YMEHUSI B OCHOBHOM C(OPMHUPOBAHBI,
OOJBITMHCTBO 3aJaHUN BBHITIOJIHEHO, HEKOTOPHIE M3 BBIMTOJIHEHHBIX 3aJJaHUN COJEPIKAT OIIUOKH.
Bbe3ommb6ouno BeimonHeHO 70-79 % BCex 3amaHu.

- «HeynoBneTBOPUTENBHO» - TEOPETUUECKOE COJIEp:KaHne Kypca HE OCBOEHO, HE00XO-
JTUMBbIE YMEHUSI He CPOPMHUPOBAHBI, BHIMOJHEHHBIE YUEOHBIC 3aJjaHUsI COAEpPKAT IpyOble OIMIMOKH.
Bbe3omm6o4yno BeimoHEHO MeHee 70% BceX 3aqaHui.

Tema 4.6. O0bikHOBeHHBIE TH((PepeHuaIbHbie ypaBHEHUS
IIpakTyeckoe 3ansaTue Ne 17

Pemenue nudpepeHnATbLHBIX YPABHEHUH BBICIIUX IOPHAIKOB.

ILeas padorei: Hayunthes pemats quddepennuanbabie ypaBHenus |l mopsaka u muHelHble o/1-
HopoaHble nuddepenianbubie ypaBHeHus || mopsinka ¢ mocTosHHBIMU KO3 QULIIEHTaMHU.

Boinosinus padorty, Bel Oynere:
YMETh:
- pemiath auddepeHnnanbHbie ypaBHEHUS BTOPOTO MOPsIIKa, JOMYCKAIOIINE TTOHUKEHHE MOPSIKA;

- HaXO/AUTh 00Illee U YaCTHOE pelIeHne npocTeimux auddepeHnnanbHbIX YpaBHEHU BTOPOTO 110-
psnKa;

- HAXOJUTh O0IIee U YaCTHOE PEIICHNE IMHEHHOTO OTHOPOAHOTO AU (HEepeHINATFHOTO YPaBHEHUS
BTOPOTO MOpPSAKA C TOCTOSHHBIMU KO3()(DUITUEHTAMH.

MarepuasibHoe o0ecnieyeHue:

NunuBuayanpHbIC 3a0aHKUS , TAOTUITEI, CIPABOYHUKHU, YICOHUKH, KOHCTICKTHI JICKITHI.
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3aganue:

1. PGH_II/ITB muddepennmansubie ypasHenus |l mopsiaxa:

a) dxz =5
b) y" = x,A(1;0); B(1; 1)
2. Haiitu yacTHOe pemieHue ogHopoaHoro auddepennuansuoro ypapaenus Il mopsaxa.

d’y _dy dy
axZ Zd——3y—0np1/1x—0 y—de 0

IMopsinok BbINOJIHEHUSI PA0OThI:

1) duddepennmansubie ypaBuenus |l mopsiaka pemnraoTcs IByKpaTHBIM HHTETPUPOBAHUEM,

.. o o d
ITyTEM BBCACHHNA HOBOU IEPEMECHHOU P = d_z(,

[TpuBOaMM K YPaBHEHHIO C pa3/IeNIONIMMU IEPEMEHHBIMH U PEIIaeéM OTHOCUTEIBHO .
[ToncraBnsieM p 1 pemiaeM ypaBHEHHE paselieHUeM MEPEMEHHBIX OTHOCHTEIBHO Y.
Ecnu nanel HavambHbBIE yCIOBUS, TO TIO/ICTABIsIeM B 001IIee peleHre, COCTaBIIsIEM CUCTEMY JINHEH-
HBIX yYpaBHEHUH U perraeM otHocuTenbHO Cq M C,. [loacrasnss C; v C, B obmiee pemenne, Haxo-
JMM YaCTHBIC PEIICHHS.
2) OnnopoaHoe muddepenuaibaoe ypapaenue |l mopsiaka.
IyTeM 3aMenbl y = eX¥
yl = kekX

y" = k2ekx
Cocrapisem xapakTepuctiudeckoe ypasHenue k? + pk+ q = o u3 koroporo Haxoaum k1 k.
O6uee pemenue npu D>0 Oyzer:

y = ¢ eK1X + ¢ ekeX

Ipu D=0 6yznet: y = e**(c; + c,%)
[Tpu D<0 6yner: y = e**(c4 cos bx + ¢, sin bx)
[Ipu 3a1aHHBIX HAYAIBHBIX YCIOBUSIX COCTABIISIEM CUCTEMY JIMHEHHBIX YPaBHEHUH 1 pemiaeM eé
otHocurenbHo Cq U C,.

Xopn padorsr:

Pemute muddepennmansHoe ypaBHeHHE 2 OpsiaKa

y
ﬁ =1-—2x
dy
-3ameHuM p = —, TIOJTyqHM:
dy
d’y (%) dp 12y
dx? dx 'dx

-Paszenum nepeMeHHbIE
dp = (1 — 2x)dx

fdp f(l — 2x)dx

p=x—x*+¢

-IIponnTerpupyem

dy
-3aMeHUM PHA —
p dx
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dy
a=x—x2+cl

-Pazjienum nepeMeHHbIE
dy = (x — x% + ¢;)dx
-ITpoMHTErpUpyeM U HOTy4HM 00lIee peleHne

fdy =2f(x—x2 + ¢;)dx

x?  x3
y=7—?+c1x+c2

Il.  Pemmth omHopoanoe nuddepeniuanpHoe ypapaenue |l mopsaka
a)y"'—-5y'+6=0
-CocTaBiM XapaKTEPUCTHUECKOE YPaBHCHUE

k? — 5k + 6 = 0, peiaeM KBaapaTHOE ypaBHEHUE, TonyuuM  k; = 2,k, = 3
-O0miee perienue OyaeT:
y = cie?* + c,e3*

b) y" +4y'+4y=o0
-COCTaBUM XapaKTEPUCTHYECKOE YPABHEHHUE

k2+4k+4=0, (k+2)*=0 k=-2
-3anumiem obmiee permenne s D=0
y =e ¥ (cy + c2x)

c)y"—6y +13y =0
-CocTaBHM XapaKTEpPUCTHUECKOE YPaBHEHHUE

6+V16i2  6+4i
2 2

k* —6k+12=0;D =36 —4-13 = —16D<0 =>x, , =
-3anunieM od1iee penieHue

y = e3*(c, cos 2x + ¢, sin 2x)

®opma npeacTaBiaeHus pe3y/abTaTa: BHIIOJTHEHHAs padoTa.

Kpurepun onenkmn:

- «OTnu4HO» - yMeHUs cOPMUPOBAHBI, BCE 3aJaHUS BBINOJHEHBI MPaBUIBHO, 03
apudmeTnyeckux ommoOOK, pernieHne opopMICHO aKKypaTHO, C HEOOXOIUMBIMU 0OOCHOBAHHSIMH.

- «XopoIo» - HEKOTOpble yMEeHHs C(HOPMUPOBAHBI HEIOCTATOUYHO, BCE 3aJaHUS BbI-
MIOJIHEHBI, HEKOTOPBIC BUJIBI 33JJaHUI BBITOJIHECHBI ¢ omuOKamMu. bezommbouno BeimonHeHO 80-89
% Bcex 3aJlaHu.

- «Y IOBJIETBOPUTETILHO» - HEOOXOIMMBIE YMEHUSI B OCHOBHOM C(OPMHUPOBAHHI,
OOJBITMHCTBO 3aJaHWH BBHITIOJIHEHO, HEKOTOPHIEC M3 BBITTOJIHCHHBIX 3aJJaHUN COJEPIKAT OIIUOKH.
Be3omnb6ouno BeinonHeHo 70-79 % Bcex 3amaHu.

- «HeynoBneTBOPUTENBHO» - TEOPETHUECKOE COJIEpIKaHNe Kypca HE OCBOGHO, HEOOXO-
JTUMBbIE YMEHHSI He CPOPMHUPOBaAHBI, BHIMOJHEHHBIC YUECOHBIC 3aJjaHUsI COACPIKAT IPyObIe OIMMUOKH.
Be3ommb6ouyno BeimonHeHO MeHee 70% Bcex 3aqaHuid.
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